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Abstract

An experimental exploration of damage precise localization, that is damage coordinates estimation, via

a vibration data–based method is presented. Aiming at potential practical implementation under natu-

ral random excitation conditions, the challenging case of low and limited frequency vibration measured

by very few sensors is examined. The recently introduced Generalized Functional Model Based Method

is employed, and its ability and effectiveness in achieving localization on shell–type 2D structural el-

ements – a scale aircraft stabilizer – is for the first time explored. The results of the study indicate

excellent damage detection and remarkable localization performance based on only partial modelling

of the dynamics, a low and limited (0.3–64 Hz) frequency bandwidth, and only two vibration response

sensors.

1. INTRODUCTION

Random vibration based damage diagnosis – including detection and localization – is important as vi-

bration signals are often naturally available during normal operation of a structure and are easily measur-

able. In fact the use of random vibration signals opens the potential for in–operation Structural Health

Monitoring (SHM) without the need for extraneous (artificially provided) excitation.

Yet, despite the progress achieved thus far, various factors are still inhibiting the practical applica-

tion of this technology. One of them relates to the elaborate physics–based structural models – typically

Finite Element type – needed, along with precise model updating algorithms [1]. These models are not

only large in size, but updating is also elaborate and generally requires a high number of sensors [2–4].

Other inhibiting factors include the typically limited frequency bandwidth of naturally available excita-

tion, as well as the effective treatment of the various types of uncertainty [2, 4].

As a consequence, a number of efforts have been recently undertaken in order to alleviate these in-

hibiting factors. For the first one, efforts have been focused on the so–called data–based methods, which

utilize potentially partial models of the structure identified via measured signals. These models offer the

advantage of realistically and accurately describing the structural dynamics, as well as (in the stochastic

case) the dynamics of the noise corrupting the observations [5–10]. By using partial representations of

the structural dynamics, these models may be quite small in size and easy to manipulate.

Yet, data–based methods are amenable to their own limitations. A main one concerns the damage

localization problem. Indeed, damage localization is, in this context, typically treated in an approximate

sense, by discretizing the structural topology into regions, and then using classification techniques in

order to roughly localize damage as belonging to one of a finite number of preselected regions [5–

10]. Damage precise localization, in the sense of determining the exact damage coordinates, has been
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Figure 1 : (a) The stabilizer structure and the experimental set–up: Force is applied at Point X; vibration acceler-

ation is measured at Points Y1,...,Y6. (b) Damage locations • are employed for method training (baseline phase);

damage locations � are employed for performance evaluation (inspection phase).

recently made possible within the context of data–based methods via a Functional Model Based Method

(FMBM) introduced by the present authors and their collaborators [11–14]. The method is based on

novel, data–based, Functional Models (FMs) [15] which have the capability to represent the (partial)

structural dynamics of interest for a damage type incurred anywhere on a given structural topology

[14]. The FMBM incorporates the structural topology and FMs in the baseline phase, as well as proper

estimation techniques for obtaining the precise damage location in the inspection phase [13, 14].

The ability of the FMBM in accurately obtaining the precise damage location has been experimen-

tally demonstrated, with quite impressive results, on a laboratory–scale aircraft skeleton structure [12]

and a 3D truss structure [13, 14]. It is worth noting that these results have been based on very low and

limited frequency vibration signal bandwidth, and with remarkably few (one or two) vibration sensors.

Yet, the structures considered thus far solely consist of 1D elements. This raises the question of how

the FMBM could be applied and perform with structures consisting of more complex 2D structural

elements, like shells.

The goal of the present study thus is the experimental exploration of the method’s facets, ability,

and effectiveness in localizing damage on a shell–type 2D structure. Towards this end, a Generalized

version of the FMBM [14] is employed, utilizing Functional Models of two variables (instead of the

usual single variable) in conjunction with the mathematical description of the 2D structural topology.

The structure employed in the study is a laboratory–scale aircraft stabilizer. Damage is simulated by

small 48 g mass addition anywhere on the structural topology, while damage localization concerns the

determination of the precise damage location and is sought using low and limited frequency bandwidth

(0.3–64 Hz) and only two vibration acceleration response sensors.

2. THE STRUCTURE AND THE EXPERIMENTS

The aircraft stabilizer structure employed is designed and manufactured by the SMSA Laboratory at

the University of Patras, Greece. It includes the main part of the stabilizer and the rudder, as well as 4

spars and 10 ribs. All parts are constructed from standard aluminium with overall dimensions of 215 ×
176 × 5 cm (LxHxW). The total mass is approximately 15 kg. During the experiments the structure is

suspended in a free–free mode via elastic cords and hooks (Figure 1(a)).



The structure is excited via a random Gaussian force transversely applied at Point X (Figure 1(a))

via an electromechanical shaker (MB Dynamics Modal 50A) equipped with a stinger and a vibration

controller (LDS Comet USB Com 200). The applied force is measured via an impedance head (PCB

288D01), while the resulting vibration acceleration signals are measured via uniaxial lightweight ac-

celerometers (PCB ICP 352C22, 0.5 gr) at points Y1 (Sensor 1), Y2 (Sensor 2), Y3 (Sensor 3), Y4

(Sensor 4), Y5 (Sensor 5), and Y6 (Sensor 6) (Figure 1(a)). The obtained force and vibration acceler-

ation signals are driven through a signal conditioner (PCB F482A20) into the data acquisition system

(SigLab 20-42).

A damage is simulated via the attachment of a small 48 g mass at any location on the stabilizer. For

the purposes of the present study, 165 distinct locations are considered on a grid (side length of 10 cm)

with vertices P1...P4 (Figure 1(b)). 122 of these locations (black bullets in Figure 1(b)) are employed

for the method’s training (baseline phase; single experiment per location), while 43 additional loca-

tions (red squares in Figure 1(b)) are employed strictly for performance evaluation (inspection phase; 4

experiments per location).

Each damage is characterized by its own coordinates in the x−y Cartesian system with origin at the

bottom left of the structure (Figure 1(b)). Following this, a particular damage is designated as Fx,y. The

total numbers of experiments carried out in the baseline and inspection phases are presented in Table 1,

along with signal details.

Table 1 : Experiments and acquired signal details.

Structural State Description Number of experiments

Healthy no damage 40 (2 in the baseline phase)

Damaged added mass of 48 g at a specific location 294 (122 in the baseline phase)

Sampling frequency: fs = 128 Hz, Signal bandwidth: [0.3−64] Hz

Signal length: N = 9758 samples (≈ 76.23 s)

3. VIBRATION SENSOR SELECTION

The objective of this section is the selection of the most appropriate (most sensitive to damage) sensors

to be used in damage diagnosis. The selection is based on the Frequency Response Assurance Crite-

rion (FRAC), the Frequency Amplitude Assurance Criterion (FAAC), and the average Local Amplitude

Criterion (LAC), which are commonly used in the context of FEM correlation and updating [16]. The

expressions for these criteria are:

FRAC =
|hhT

o hhd |
2

(hhT
o hho)(hhT

d hhd)
, FAAC =

2|hhT
o hhd |

(hhT
o hho)+(hhT

d hhd)
,

LAC =
1

nω

nω

∑
i=1

2|H∗
o ( jωi)Hd( jωi)|

H∗
o ( jωi)Ho( jωi)+H∗

d ( jωi)Hd( jωi)
(1)

with the o and d subscripts designating the healthy and damaged states of the structure, respectively,

∗ complex conjugate, and | · | complex magnitude. hh is a vector consisting of Frequency Response

Function (FRF) values at successive frequencies, H( jωi) designates the FRF at frequency ωi, and nω

the number of discrete frequencies used. These criteria provide values within the [0,1] range, with the

most sensitive to damage sensors being those that lead to values maximally deviating from unity.

The criteria are computed using Welch–based FRF estimates corresponding to 11 experiments with

the healthy structure and 122 experiments under damage (see Table 1; Matlab function tfestimate.m;

signal length 9758 samples, segment length 300 samples, overlap 50%, Hamming window, frequency

resolution δ f ≈ 0.426 Hz leading to nω = 150 within the considered frequency bandwidth). Sample

mean values of the criteria, obtained for the 1342 (11×122) cases, are depicted in Figure 2. Based on

them, it is decided that two sensors, Sensors 4 and 6, are to be used for damage diagnosis.



Figure 2 : Sensor sensitivity to damage based on the FAAC, FRAC and LAC criteria (sample mean values over

1342 cases; the sensitivity is higher for criteria values maximally deviating from unity).

4. OVERVIEW OF THE FUNCTIONAL MODEL BASED METHOD

The first diagnostic stage, that is damage detection, is achieved via a simple statistical time series scheme

based on changes in the stochastic model parameters – the model parameter based method [5]. Once a

damage is detected, precise localization is based on the Generalized Functional Model Based Method

equipped with VFP–VARX models (Vector Functionally Pooled – Vector AutoRegressive with eXoge-

nous excitation models [13]). From an operational viewpoint, training is accomplished in an initial

baseline phase, while diagnosis is performed during the inspection phase using current vibration sig-

nals.

4.1 Baseline phase

Damage detection. A single baseline experiment with the healthy structure is performed and the identi-

fication of a typical Vector AutoRegressive with eXogenous (VARX) model is based on nx–dimensional

excitation and ny-dimensional response signals. This provides mean and covariance estimates of the

model’s parameter vector θθVARX
1

o .

Damage localization. A VFP–VARX model, capable of representing the (partial) structural dynamics

for any damage location on the structural topology, is identified. For this purpose a total number of M

experiments are performed for a sample of potential damage locations that cover the topology of interest

(single experiment per location). Each location is characterized by Cartesian coordinates x, y, with the

complete series of baseline experiments covering the range [xmin, xmax]× [ymin, ymax] (although in general

the range may be non–rectangular) via the spatial discretization:

xl ∈ {x1,x2, . . . ,xM1
}, ym ∈ {y1,y2, . . . ,yM2

} (2)

with the subscript designating discretization index. Thus, for a damage at a specific point on the topology

the following operating parameter (coordinate) vector kk is employed:

kk = [xl ym]
T or kkl,m with l = 1, . . . ,M1, m = 1, . . . ,M2 (3)

The complete set of baseline experiments then provides M = M1 ×M2 data sets of nx–dimensional

excitation and ny–dimensional response signals, with each signal being N samples long:

xxkk[t] = [x1,kk[t] . . .xnx,kk[t]]
T
[nx×1], yykk[t] = [y1,kk[t] . . .yny,kk[t]]

T
[ny×1] (t = 1, . . . ,N) (4)

Based on the total data set, a VFP–VARX(na,nb)p model of the form [13]:

1The subscript o is used to designate the healthy structure.



yykk[t]+
na

∑
i=1

AAi(kk) · yykk[t − i] =
nb

∑
i=0

BBi(kk) · xxkk[t − i]+ eekk[t], eekk[t]∼ iid N
(
00,ΣΣee(kk)

)
, kk ∈ R

2 (5a)

is estimated. In the above expression:

AAi(kk) =
p

∑
j=1

AAi, j ·G j(kk), BBi(kk) =
p

∑
j=1

BBi, j ·G j(kk) (5b)

and eekk[t] = [e1,kk[t] . . .eny,kk[t]]
T
[ny×1] is the model residual vector that is zero-mean, white (serially uncor-

related), with [ny× ny] covariance matrix ΣΣee(kk). This vector signal may be cross–correlated with its

counterparts corresponding to different experiments.

The AR and X matrices, AAi(kk), BBi(kk), are of dimensionalities [ny×ny] and [ny×nx], respectively,

and are expressed as explicit functions of the operating parameter vector kk. Each element of the matrices

is assumed to belong to a common p–dimensional functional subspace spanned by the (mutually inde-

pendent) functions G1(kk),G2(kk), . . . , Gp(kk). These form a subspace basis consisting of two–dimensional

(bivariate) polynomials obtained as tensor products from their univariate counterparts [13, 17]. The ma-

trices AAi, j, BBi, j consist of the corresponding AR and X, respectively, coefficients of projection. These

may be also put in vector form (θθ of dimensionality nany2 p+(nb+1)nxny p) and be estimated based

on linear regression techniques [13].

4.2 Inspection phase

Damage detection. As soon as a fresh set of nx–dimensional excitation xxu[t] and ny–dimensional re-

sponse yyu[t] signals is obtained from the structure under normal operation, a new VARX model (of the

same order as in the baseline phase) with parameter vector θθVARX
u is estimated2. Damage detection is

then accomplished by comparing θθVARX
u , through a formal hypothesis testing procedure, to its initially

obtained baseline counterpart θθVARX
o [5].

Damage localization. For damage localization the vector kk is estimated using the fresh (current) signals

xxu[t], yyu[t] and the VFP–VARX(na,nb)p model obtained in the baseline stage (Equation (5a)), which

is now re–parametrized in terms of the currently unknown kk. Estimation is specifically based on the

Prediction Error (PE) criterion involving the trace of the residual signal eeu[t] sample covariance matrix.

The estimator may be thus expressed as:

k̂k = argmin
kk∈K

N

∑
t=1

eeT
u [t,kk]eeu[t,kk] (6)

The estimate k̂k is obtained via non–linear optimization and is asymptotically (N → ∞) Gaussian

distributed with mean µµkk and covariance matrix ΣΣkk, that is k̂k ∼N (µµkk,ΣΣkk). It is also statistically optimal,

with the covariance matrix achieving the Cramer–Rao lower bound [17]. Based on the Gaussianity of k̂k,

an uncertainty (confidence) region characterizing the estimated location may be also constructed [13,14].

The obtained damage location estimate is finally accepted as valid if and only if the above esti-

mated model is (for the obtained k̂k) successfully validated through typical statistical tests examining the

hypothesis of residual eeu[t, k̂k] uncorrelatedness (whiteness). The Portmanteau Test may be used for this

purpose (see [13]).

Remark: As the aircraft stabilizer is 2D but non–rectangular (Figure 1(b)), the estimator of Equation

(6) would involve optimization under functional inequality constraints. To circumvent this and simplify

2The subscript u is used to designate the unknown, current, state of the structure.



the optimization, a simple coordinate system transformation [18, pp. 122–130], making use of the four

vertices P1(x1,y1), P2(x2,y2), P3(x3,y3), P4(x4,y4), is employed:

x = (1− s1)(1− s2)x1 + s1(1− s2)x3 +(1− s1)s2x2 + s1s2x4,

y = (1− s1)(1− s2)y1 + s1(1− s2)y3 +(1− s1)s2y2 + s1s2y4 (7)

with ss ∈ [0,1]× [0,1]. The trapezoidal surface is thus transformed into the square [0,1]× [0,1] in the

(s1, s2) plane, with the optimization involving simple boundary constraints. Thus the operating param-

eter vector kk is transformed into the vector ss = [s1 s2]
T that most conveniently describes the structural

topology. This form of the structural topology (in the ss coordinate system) may be thus incorporated

into the VFP–VARX model of Equation (5a) and used in both the baseline and inspection phases.

5. DAMAGE DIAGNOSIS RESULTS

5.1 Baseline phase

Damage detection. A conventional VARX(35,29) model (characterized by zero excitation delay, BB0 6= 00)

is estimated based on a single experiment of 1–dim (nx = 1) excitation and 2–dim (ny = 2; Sensors 4 &

6) response signals from the healthy structure, and the parameter vector θθVARX
o is obtained. The method’s

critical limit [5] is determined using an additional experiment with the healthy structure – further details

in Table 2.

Table 2 : Diagnosis method details.

Damage detection: Model parameter based method

Signal length Estimated model
No. of No. of No. of

parameters outputs experiments

N = 9758 samples
VARX(35,29) 200 ny = 2 2

(76.23 s)

Model estimation: Ordinary Least Squares (OLS) (Matlab function arx.m)

Samples Per Parameter (SPP) = 146.37; Condition number of inverted matrix = 1.50 × 107

Damage detection: Critical limit = 3.241×104

Damage localization: Generalized FMBM

Signal length Estimated model
No. of No. of No. of

experiments projection coefs outputs

N = 2500 samples
VFP-VARX(35,29)30 M = 122 6000 ny = 2

(19.53 s)

Model estimation method: Ordinary Least Squares (OLS)

Samples Per Parameter (SPP) = 152.5; Condition number of inverted matrix = 2.037 × 1011

Damage localization. A VFP–VARX(35,29)30 model for the representation of the structural dynam-

ics under any damage within the considered topology (Figure 1(b)) is estimated based on 30 bivariate

Shifted Legendre polynomials [14] and M = 122 experiments, each providing 1–dim (nx = 1) excitation

and 2–dim (ny = 2; Sensors 4 & 6) response signals (further details in Table 2 and in [17]). These

experiments (see subsection 2) cover the trapezoidal surface of the structure indicated in Figure 1. The

model is finally validated based on residual whiteness confirmed through the Portmanteau Test.

5.2 Inspection (damage diagnosis) phase

Damage detection. Based on the freshly obtained pair of signals, a new conventional VARX(35,29)

model is obtained. Damage detection is then based on comparing – via a formal statistical hypothesis

testing procedure [5] – the current parameter vector θθVARX
u with its baseline (healthy) counterpart θθVARX

o .



Figure 3 : Damage detection results through the model parameter based method (38 healthy and 172 damaged

structural states; also see Table 1). A damage is detected when the test statistic exceeds the critical limit (horizontal

line).

Table 3 : Damage detection & precise localization results.

Damage Detection

False Alarms Missed Damages

0/38 0/172

Damage Localization

Sensors Model Model Validation Localization Error (sample mean ± std)

Y4 & Y6 VFP-VARX(35,29)30 172/172 (100%) 3.99±3.7 (cm)

Y2 & Y3 VFP-VARX(40,34)30 172/172 (100%) 4.30±6.51 (cm)

The obtained damage detection results are flawless, without exhibiting false alarms or missed damages

(see Figure 3 and Table 3).

Damage localization. Once a damage is detected, localization is activated. The VFP–VARX(35, 29)30

model of the baseline phase, re–parametrized in terms of the unknown damage location vector kk, is used

to provide the estimate of the damage location coordinates (Equation (6)). This estimate is obtained via

a Genetic Algorithm (Matlab function ga.m, tolerance of the objective function = 10−10) and Sequen-

tial Quadratic Programming (Matlab function fmincon.m, tolerance of the objective function = 10−10,

tolerance of the estimated value = 10−10).

An indicative damage localization result is presented in Figure 4(a). The estimation criterion val-

ues are shown on the structural topology color coded. Evidently, the estimated location and its actual

counterpart are impressively close. This is despite the fact that the damage effect on the dynamics is

quite minor, as confirmed by the Welch–based estimates of the Frequency Response Function (FRF)

for the healthy and damaged structures (Figures 4(b),(c)). These last two plots also demonstrate the

modelling precision achieved by the VFP–VARX(35,29)30 model, yielding almost identical FRF with

its Welch–based counterpart in the considered damage case.

Damage localization results are presented in Figure 5 for four additional locations. It is also evident

that precise localization is achieved, despite the fact that in certain cases the actual damage location may

be just outside (but still very close to) the obtained uncertainty region. In the same figure, the method’s

performance is also examined in conjunction with an alternative pair of sensors (Sensors 2 & 3; see

section 2) and comparisons with the selected pair (Sensors 4 & 6). Thus based on the excitation signal

at Point X and the responses from Sensors 2 & 3, a VFP-VARX(40,34)30 model is estimated and damage

precise localization is carried out for all considered locations. Evidently, the estimated locations are very

close to their actual counterparts, although small deviations (errors) are of course noticed.

Summary localization results, in the form of localization error (Euclidean distance between the

actual and estimated locations) histogram, are presented in Figure 6 – also see Table 3 – for both pairs

of sensors. Evidently, localization performance is quite impressive. The sensitivity with respect to the

pair of sensors used is not high, although the Sensors 4 & 6 pair exhibits slightly better performance.



Figure 4 : A damage localization result for damage scenario F70,45: (a) The estimation criterion values are shown

on the structure, color coded according to the indicated scale. The actual damage location (—) and its estimate

(– –) are pictorially presented. (b),(c) Welch–based FRF magnitude estimates for the healthy and damaged states

of the structure, comprared to their VFP–VARX(35,29)30–based counterpart (damaged state).

Figure 5 : Four damage localization results based on the selected (Sensors 4 & 6) and an alternative (Sensors 2

& 3) pair of sensors. In each case the true damage location (•) and its estimates based on Sensors 4 & 6 (N, —)

and 2 & 3 (⋆, —) along with corresponding uncertainty regions at the 10−15 risk level are shown. The true and

estimated damage location coordinates are numerically provided above each plot too.

6. CONCLUSIONS

In this study the problem of damage precise localization on a 2D structure via a random vibration

data–based method, employing a low and limited frequency bandwidth and few response sensors, was

experimentally explored. For this purpose the Generalized FMBM was employed, in conjunction with

Functional Models of two variables, and a lab–scale aircraft stabilizer structure. The frequency band-



Figure 6 : Summary damage localization results: Histogram of the localization error (Euclidean distance between

the actual and estimated locations) for each of the sensor pairs (Sensors 4 & 6 versus Sensors 2 & 3; 172 test

cases).

width was limited to the 0.3–64 Hz range, while only two vibration sensors were used. Yet, damage

detection was shown to be flawless, and localization remarkably accurate, with the actual damage lo-

cations in most cases lying within the estimated uncertainty (confidence) region. An alternative sensor

pair was also employed, indicating low sensitivity of the method’s performance on the selected sensors.
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