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Abstract

We are faced with interactions of ultrasonic waves with cracks in thin plates. These are important

means in structural health monitoring of aircrafts. We present a couple of finite element models that are

validated by means of Lamb dispersive (frequency-velocity) curves. In 2d it turns out that membranes

and Kirchhoff plates imitate well the low frequency case of the lowest-order shear and bending modes,

respectively. We switch to 3d displacement finite elements enhanced with higher-order ansatz functions

in the thickness direction. These imitate properly the shear-horizontal modes, however, they suffer from

the locking effect in case of the Lamb modes. We end up with 3d mixed elastic elements, which are

referred to as tangential-displacements and normal-normal-stresses (TD-NNS), recently proposed and

analyzed by Astrid Pechstein (born Sinwel) and Joachim Schöberl at TU Vienna. We show that these

new elements cover the whole spectrum of elastic waves including higher-order Lamb waves. Finally,

relying on TD-NNS finite elements and a Newmark time discretization scheme we present simulations of

interaction of ultrasonic waves with cracks.

1. INTRODUCTION

We shall simulate ultrasonic waves in thin-walled structures. Besides analytical wave theories [1] that

are well-developed for, e.g., infinite plates, there are numerical methods also allowing to study interac-

tions of waves with boundaries, material damages, and cracks. Here we are concerned with the numeri-

cal approach.

When modelling elasticity of thin-walled structures, the standard finite element method (FEM)

suffers from the so-called locking effect. Namely, convergence of the method deteoriates when refining

the discretization. The reason is a bad aspect ratio of the geometry under consideration. Therefore

various plate and shell models were introduced, e.g. the Kirchhoff [2] and Reissner-Mindlin [3, 4]

plate. A main drawback of conventional shell models is that they include rotational quantities, which

cause difficulties for nonsmooth domains or when connecting shells to a structure. As a remedy the

Hellinger-Reissner mixed formulation [5] in a hierarchical approach [6] is used. The latter relies on

a higher-order polynomial approximation of unknown displacements and stresses with respect to the

thickness direction. First hierarchical model was introduced in [7]. For a nice overview we refer to [8].

Actually, in hierarchical models one obtains an ansatz, which is a so-called p-version of a three-

dimensional finite element method. It is well-known that the p-FEM converges exponentially with the

polynomial order, provided the solution is sufficiently regular (smooth). The p-FEM fails, e.g., for

nonsmooth geometry or in the presence of cracks. It was analyzed in [9] that the combination of the

p-FEM and the standard h-FEM results in a powerful and robust hp-FEM method [10, 11]. The price

for the high convergence of hp-FEM is that the resulting system matrices are more dense and iterative

methods for their solution have to be constructed carefully.

The power of hp-FEM was independently discovered in the engineering community, where a sim-

ilar method is called the spectral finite element method (SFEM), see [12]. We refer to [13] for con-

nections between hp-FEM and SFEM. In SFEM a special polynomial basis functions are chosen. They

8th European Workshop On Structural Health Monitoring (EWSHM 2016), 5-8 July 2016, Spain, Bilbao

www.ndt.net/app.EWSHM2016
M

or
e 

in
fo

 a
bo

ut
 th

is
 a

rt
ic

le
: h

ttp
://

w
w

w
.n

dt
.n

et
/?

id
=

20
02

5



are orthogonal in a proper scalar product, which is referred to as spectral. A typical basis function is

a tensor-product of Legendre polynomials over rectangular or brick elements. The polynomials are de-

fined as shape-functions at the nodes of a Gauss-Legendre-Lobatto quadrature rule. In the structural

health monitoring (SHM) community a representative reference is [14], where standard shell elements

in ANSYS are used. We also refer to [15].

Besides the hierarchical modelling we employ the mixed, so-called Hellinger-Reissner formulation

of the elasticity in order to prevent from the locking effect. The displacements and stresses are approxi-

mated independently. We shall search for symmetric stresses with continuous normal components across

element interfaces and for a discontinuous displacement field. As late as in 2005 the first 3d finite ele-

ments of this kind appeared [16]. Unfortunately, there are 162 degrees of freedom (DOF) per the lowest-

order tetrahedral element. In [17,18] the authors propose and analyze another FEM-discretization, where

only the continuity of tangential-displacement and normal-normal-stress (TD-NNS) components is re-

quired. The lowest-order tetrahedron involves 36 DOFs.

In this paper we follow the approach of [17, 18] and propose a novel mixed finite element method

for 3d linear elastodynamics for thin-walled structures. We provide a comparison of our method to some

2d shell finite elements and a 3d finite element method enhanced with higher-order shape functions in

the thickness direction. The rest of the paper is organized as follows: In Section 2 we recall standard 2d

displacement finite elements as well as a novel one in 3d and present their dispersion numerical analysis.

In Section 3 we describe the TD-NNS mixed finite elements, we present their dispersion analysis, and

use them for simulations of ultrasonic waves in a finite plate with stiffeners. We conclude in Section 4.

2. DISPLACEMENT-BASED FINITE ELEMENTS

Given an elastic body (a plate) occupying Ω and a time-dependent traction T (x, t) on the boundary Γ we

shall solve the following initial boundary value problem of elastodynamics for an unknown displacement

field u 



ρ ∂ 2u
∂ t2 (x, t)−divσ(x, t) = 0 for x ∈ Ω, t ∈ (0, tmax),

σ(x, t) ·n(x) = T (x, t) for x ∈ Γ, t ∈ 〈0, tmax〉,
u(x,0) = 0 for x ∈ Ω,

∂u
∂ t
(x,0) = 0 for x ∈ Ω,

(1)

where σ , ρ , and n denote the mechanical stresses, the material density, and the outward unit normal to

the elastic domain Ω, respectively. The system is completed with the linear isotropic Hooke’s law

σi j = σ(ε(u))i j

where εkl(u) := 1
2

(
∂uk

∂xl
+ ∂ul

∂xk

)
is the strain tensor. The problem (1) has to be solved numerically.

A finite element spatial discretization of (1) leads to a linear system of ordinary differential equa-

tions

Mu′′(t)+Ku(t) = T(t), u(0) = 0, u′(0) = 0, (2)

where M and K are the so-called mass and stifness matrix, respectively. At each time the solution vector

u(t) represents a continuous displacement field that is piecewise polynomial over a decomposition of Ω

into simple subdomains, so-called elements. We have the following formula for the solution of (2)

u(t) = ∑
i

1√
λi

∫ t

0
sin

(√
λi(t − τ)

)
(vi ⊗vi) ·T(τ)dτ,

where λi and vi are eigenvalues and normalized eigenvectors, respectively, of the generalized eigenvalue

problem

Kvi = λi Mvi, ‖vi‖= 1. (3)



It is known that when using standard (primal) FEM for domains Ω with a bad aspect ratio the

convergence of FEM solutions deteoriates, cf. [19]. For instance, for rods or shells with the conver-

gence factor is inversely proportional to the thickness. The reason is that slow elastic modes are not

approximated properly when the thickness is too small.

There are several approaches to avoid the shear locking effect. First of them is a dimensional

reduction. It turns out that 2d models are good enough for small values of frequency-times-thickness.

We shall consider a plate Ω := ω × (−d,d), where ω ⊂ R
2 represents the middle surface which is the

only region to be discretized and d is half of the thickness.

2.1 2-dimensional membranes

Membranes are used when the traction has only the tangential (shear, planar) components. The plane-

stress membrane assumes

σi j(x, t) = σi j(x1,x2, t) and for i = 1,2 : σi3 = σ3i = 0.

This leads to

ui(x, t) = ui(x1,x2, t) for i = 1,2 and u3(x, t) = x3 ε33(x1,x2, t).

For particular finite elements that we have implemented we refer to [20].

The theory of straight-crested axial waves predicts the velocity

cL =

√
E

(1−ν2)ρ
.

In Fig. 1 we depict a good relation of the theory with numerics. The numerical dispersion curve was

calculated from (3), where we additionaly require the eigenvectors v to be x2-invariant (y-invariant), i.e.,

straight-crested, which leads to a kind of 1-dimensional generalized eigenvalue problem

PT KPṽi = λ̃i PT MPṽi, (4)

where P is the projection matrix (onto x2-invariant functions). The projected eigenvalue problem (4) is

of a tiny dimension when compared to (3).
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Plane−stress membrane (straight−crested) dispersion curve: analytical (red) vers. FEM approx. (blue)

Figure 1 : Numerical (blue) vers. theoretical (red) dispersion curve of a membrane.
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Kirchhoff−Lowe plate (straight−crested) dispersion curve: analytical (red) vers. FEM approx. (blue)

Figure 2 : Numerical (blue) vers. theoretical (red) dispersion curve of a Kirchhoff plate.

2.2 2-dimensional Kirchhoff’s plates

Kirchhoff’s plates are used when the traction is normal. We speak about pressure or bending. The

model assumes only deformation of the middle cross-section ω ×{0}. The normal vectors to the middle

surface after a deformation are again orthogonal to it. This leads to the ansatz

ui(x, t) =−x3
∂w

∂xi

(x1,x2, t) for i = 1,2 and u3(x, t) = w(x,y, t).

The partial derivatives of w acts as rotations, which is inconsistent with the normal displacements w. The

problems arise when joining different Kirchhoff plates or connecting them to a bulk. For a description

and analysis of proper finite elements, the so-called discrete Kirchhoff triangles (DKT), that we have

implemented we refer to [20–22].

The theory of straight-crested flexular waves predicts the dispersive velocity

cF(d f ) = 4

√
E

12ρ(1−ν2)

√
2πd f .

In Fig. 2 we depict a good relation between our numerics and the theory. The numerical dispersion curve

again relies on (4) with the projection matrix P preserving x2-invariance.

2.3 3-dimensional displacement FEM, p-in-thickness

Before we switch to locking-free mixed (displacement-stresses) elements by Schöberl and Pechstein

we give a try to standard 3d displacement finite elements on bricks. We are inspired by promising

results in the group of Ostachowicz [15]. We use the linear ansatz in the tangential direction. The

ansatz space through the thickness is enhanced by higher-order polynomials. When considering shear-

horizontal (SH) or Lamb guided modes it turns out that it is enough to introduce the polynomial degrees

of freedom only along the vertical edges of the brick element, see Fig. 3.

In Fig. 4 we depict a good relation between our numerics and the SH-theory. The numerical disper-

sion curve relies on (4) with the projection matrix P preserving x2-invariance and the cosine/sine shape

functions. It turns out that an SH-mode is included in our model as far as the shape function can be very

well approximated by the ansatz polynomials. This is unfortunately not the case of the Lamb modes,

see Fig. 5.



Figure 3 : 3d brick finite element. There are three degrees of freedom (u1, u2, and u3) per node and 3p (bubble)

degrees of freedom per vertical edge that form (together with the linear degrees of freedom at the related two

vertices) polynomial spaces of order p+1. We sketch shapes of the edge functions for p = 2.
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Figure 4 : Theoretical (red lines) and numerical (blue crosses) SH dispersion curves: A0-mode approximated

by the 3rd-order-in-thickness brick elements (left), S1-mode approximated by the 6th-order-in-thickness brick

elements (right).

Figure 5 : Theoretical (solid lines) and numerical (circles) Lamb symmetric (red) and antisymmetric (blue) dis-

persion curves: 3rd-order-in-thickness brick elements (left) and 6th-order-in-thickness brick elements (right).



3. MIXED FINITE ELEMENTS

The last rather negative result, see Fig. 5, suggests to employ a more involved setup of the finite ele-

ments. We shall switch to the mixed finite element method, where we simultaneously search for both

displacement and stress field. The weak mixed formulation of the elastodynamic problem (1) reads to

find stresses σ(x, t) satisfying σn(x, t) = T (x, t) on the boundary Γ, and the displacements u(x, t) such

that { ∫
Ω σ : τ +

∫
Ω divτ ·u = 0 ∀τ,∫

Ω divσ · v−ρ
∫

Ω
∂ 2u
∂ t2 · v = 0 ∀v,

(5)

where : stands for the Frobenius inner product and τ(x),v(x) denote the stress and displacement test

functions, respectively, where τn(x) = 0 on Γ. The first equation in (5) represents the Hooke’s law, the

second equation describes the Newton (force equilibrium) law. The key point is now choosing proper

regularity of the stresses and displacements. In the standard mixed setting one lefts the displacements

piecewise discontinuous, u ∈ L2(Ω), and the stresses are symmetric tensors with continuous normal

components, σ ∈ Hsym(div;Ω). However, a known stable finite element discretization over tetrahe-

dra [16] leads to 162 DOFs per element.

Here we follow another recent idea of Joachim Schöberl and Astrid Pechstein (born Sin-

wel) [17, 18] who chose tangential-continuous displacements, u ∈ H(curl;Ω), and normal-normal-

continuous stresses, σ ∈ H(divdiv;Ω), which leads to a tetrahedral finite element of only 36 DOFs.

The method is referred to as TD-NNS. Note that in (5) the mixed terms, e.g.,
∫

Ω divσ · v, has to be

understood in the distributional sense.

In [18] prismatic anisotropic elements allowing for discretizations of thin structures are proposed

and analyzed. Here we additionaly propose prismatic hexahedral elements with 2 DOFs per edge,

4 DOFs per vertical face and 2 (bubble) DOFs per element as far as displacements are considered.

Concerning stresses we have 9 DOFs per face and 70 (bubble) DOFs per element. We can get rid of the

large amount of stress bubbles by hybridization so that the (face, normal-normal) continuity of stresses

is broken and reinforced again by Lagrange multipliers, which act as normal displacements. Therefore

we end up in the following purely displacement finite element:

• 2 DOFs per edge representing tangential displacements,

• 4 DOFs per vertical face representing tangential displacements,

• 9 DOFs per (both vertical and horizontal) face representing normal displacements,

• and 2 DOFs per element (cell) representing tangential displacements.

The hybridized mixed finite element system again admits the form (2), where both the mass and stiffness

matrix are assembled elementwise, though, now they are more involved. In Fig. 6 we present a nice

correspondence of the theoretical dispersion diagram to the numerical simulations. The new TD-NNS

elements are robust with respect to the thickness. In Fig. 7 we depict simulation of ultrasonic elastic

waves in a real-world thin-walled structure. The system (2) was numerically integrated in time by an

unconditionally stable Newmark scheme.

4. CONCLUSION

We discussed several finite element methods for the purpose of ultrasonic testing of thin-walled struc-

tures and compared them by means of analytical guided mode theories. The 2d displacement-based

models (shells) can approximate either the shear modes (membranes) or the bending modes (Kirchhoff

plates) for low frequencies. The 3d displacement-based model enhanced with higher-order shape func-

tions in the thickness direction do not properly imitate the Lamb modes. We ended up with new mixed

elastic elements, called TD-NNS, which cover all the theoretical modes independently of the thickness

of the underlying structure.
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Figure 6 : Theoretical (solid lines) and numerical (crosses) SH/Lamb symmetric (red) and antisymmetric (blue)

dispersion curves using TD-NNS anisotropic hexahedral elements.

Figure 7 : Simulation of ultrasonic elastic waves propagating in a thin-walled structure using TD-NNS tetrahedral

elements.
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