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Abstract 
Lamb waves are guided elastic waves in thin walled structures. Studies show that Lamb waves 
in form of wave packets are useful for application of structural health monitoring (SHM) of 
thin walled structures as e.g. aircraft panels. By using piezoelectric elements it is possible to 
generate as well as to receive Lamb waves in a simple manner. If there is a damage in a thin 
walled structure, e.g. a plate, the traveling Lamb waves are reflected at this damage and a 
change in mode shape may happen. With a well designed actuator-sensor system the detection 
and even the localization of the damage is possible. However, experiments reveal that the 
analytically calculated response functions for in-plain strain curves of a thin aluminum plate, 
which is excited with a square-shaped piezoelectric transducer, does not agree satisfactory 
with measurement results. Particularly the amplitude of the experiment signal is much lower 
than predicted by analysis. This can lead to the problem that in an unfavourable configuration 
of the whole measurement setup (size of the transducers, excitation signal, test equipment, etc.) 
the signal is too weak to be measured. Here the questions arise about the reason for this effect 
and how the amplitude of the sensor signal can be improved. Another challenge is the 
numerical analysis of the Lamb wave propagation, especially the Lamb wave generation and 
detection in Finite Element models. There are several effects, like material damping, coupling 
between the piezoelectric element and the structure or the measurement principle of 
piezoelectric transducers, which influence the Lamb wave behaviour in the simulation. These 
effects must be considered in numerical models to receive realistic simulation results. This 
article gives an overview on such effects, on their origin and how adverse influences can be 
reduced. 

Keywords: structural health monitoring (SHM), Lamb waves, piezoelectric element, finite 
element method (FEM) 
 

1. INTRODUCTION 
The application of structural health monitoring (SHM) systems on a lightweight structure is a 
promising approach to monitor the structural condition during its service life and to be able to 
detect a damage before a fatal failure of the structure occurs. Several fatal incidents could have 
been probably prevented in the past if a reliable online structural health monitoring system 
would have been applied to the structure. For example, the Eschede train incident in 1998 was 
caused by a fatigue failure of a wheel which led to a derailment of the train [1]. To prevent 
these incidents of structural failure many researchers have set themselves the task to develop 
non-destructive testing methods and on-board SHM systems. 
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Since the early 1980´s many different SHM systems were developed. In terms of their 
application area one can distinguish between local and global methods. Local methods are 
limited to their monitoring area, like the use of strain gauges. In this case a large amount of 
sensors has to be applied to monitor large structures. Global methods have the advantage that 
with a smaller effort of sensor application the monitoring of the global behaviour of a structure 
is possible. For example, the electrical impedance tomography using piezoresitive thin film 
sensors. This method reconstructs the spatial conductivity, respectively the strain distribution 
of a defined area using boundary voltage responses to a current excitation [2]. Thereby it is 
possible to visualize damages which cause a strain change. Another way to globally identify 
the existence and location of damages in a thin walled structure is the application of Lamb 
waves. Lamb waves are elastic waves in thin walled structures which start to propagate from a 
local excitation. A possibility to generate and receive these guided waves is the usage of 
piezoelectric waver active sensors (PWAS). Giurgiutiu derives in [3] the strain-response at the 
top surface of a thin walled structure if piezoelectric transducers are used as actuators of Lamb 
waves. However, the comparison of this analytical calculation of the response function and 
experiments show differences. Based on numerical and experimental investigations this article 
presents possible effects of the interaction between the structure and the piezoelectric element 
which influence the strain-response. 

2. THEORETICAL CONSIDERATIONS 
Lamb waves are guided elastic waves in thin walled structures which are described by the 
Rayleigh-Lamb equations [3] 
 tan岫�P穴岻tan岫�S穴岻 = − 岫行態 − �S態岻態ね行態�P�S   

 

for the symmetric mode and 
 

 (1) 

tan 岫�P穴岻tan 岫�S穴岻 = − ね行態�P�S岫行態 − �S態岻態 (2)  

 

for the asymmetric mode. Here 穴 denotes the half thickness of the thin walled structure and 行 
the wavenumber. The parameters �S and �P are defined by 
 

�S = √岫に��岻態潔S態 − 行態 
(3) 

�P = √岫に��岻態潔P態 − 行態  (4) 

 

where 潔S is the shear wave speed and 潔P is the pressure wave speed. The wavenumber 行 
depends on the wave speed 潔 of the Lamb wave and on the frequency � and is given by 
 行 = に��潔  = に��  

 

(5) 

 

where � is the wavelength of the Lamb wave. The solution of the Rayleigh-Lamb Equations 
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(1) and (2) leads to eigenvalues 行辿S and 行棚A for the symmetric and the asymmetric mode of 

different order (i or j) and provide the wave speed dispersion curves 潔辿S岫�穴岻 and 潔棚A岫�穴岻. 
Depending on the product 岫�穴岻 there may exist several mode shapes of the symmetric and the 
asymmetric mode at the same time with different wave speeds. 
 
It is possible to generate Lamb waves by using a PWAS, specifically a transducer based on 
lead zirconate titanate ceramic (PZT), which is bonded onto a thin walled structure. As an 
excitation signal a Von-Hann windowed sine-function (see Figure 1) is used and is applied to 
the PWAS. Because of the windowed excitation signal the travelling Lamb wave packets also 
appear as windowed sine-functions. At a low frequency range, only the first two Lamb wave 
modes S0 and A0 exist. These two Lamb wave modes appear with different wave velocities, 
respectively group velocities and therefore it is possible to distinguish them. Furthermore it is 
possible to calculate the strain-response due to the piezoelectric excitation on the top surface 
of the thin walled structure. In Figure 2 (bottom) the strain-response function on the top surface 
of an aluminum plate with a thickness of �S = な.ひ mm for a square-shaped PWAS P1 with the 
geometry など × など × ど.にの mm and a square-shaped PWAS P2 with the geometry の × の ×ど.にの mm is visualized. Figure 2 (top) shows a correlation between the relation of the 
wavelength � and the length �P of the piezoelectric transducer and the occurrence of the 
maximum peaks of the strain-response. For the first Lamb wave modes S0 and A0 the strain at 
the top surface of the thin walled structure reaches its maximum if the wavelength � is two 
times higher than the width of the PWAS actuator, as indicated in Figure 2.  
 
Due to the strain sensitive behaviour of piezoelectric transducers a PWAS can also be used as 
a sensor to receive Lamb waves. In this case one measures a voltage signal which is 
proportional to the averaged strain �岫̅�岻 of the piezoelectric transducer. According to [4] the 
voltage signal refers to 
 �岫�岻 = 穴戴怠�P �P�戴戴�  �P  ∫ �xx岫�岻 穴捲�P  =  穴戴怠�P �P�戴戴�  �岫̅�岻  

 

(6) 

 

whereby only the effect of direct strain in 捲-direction is considered. In Equation (6) 穴戴怠 is the 
piezoelectric coefficient, �P is the Young´s modulus of the piezoelectric element, �P is the 
thickness of the piezoelectric element, �戴戴�  is the relative permittivity in polarization direction 
and �P is the length of the piezoelectric element. However, all this previous explanations 
assume ideal conditions which will not occur in real applications. In the next section the 
difference to experimental results are shown and verified by numerical analysis.  
 

 
Figure 1: Von-Hann windowed sine function to generate Lamb waves by a piezoelectric element. 
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Figure 2: top – Ratio of wavelength λ to length lP of two different PWAS transducers as a function of the 
frequency f; bottom – Strain-response function of two different PWAS transducers (P1 and P2) on the top 

surface of a thin walled aluminum plate with a thickness �� = な.ひ mm. 

3. EXPERIMENTAL AND NUMERICAL INVESTIGATIONS 

3.1 Experiment  

The experimental setup, as shown in Figure 3, comprises a square aluminum plate made of EN 
AW 5754 with a length �S = ねぱど mm and a thickness �S = な.ひ mm and four PZT piezoelectric 
wafer active sensors, bonded onto the top surface of the structure. To assess the Lamb wave 
propagation the pitch-catch principle is realized. Therefore one PWAS is used as an actuator 
to generate Lamb waves and the other one is used as a sensor to receive Lamb waves. The aim 
of this experiment is to show the influence of the use of different sensor sizes on the strain-
response function in a frequency range from � = にの kHz to � = のどど kHz. The location of the 
PWAS can be seen in Figure 3, whereby a symmetric arrangement is selected to minimize the 
influences due to reflections of the lateral surfaces. In 捲-direction the actuator PWAS has the 
same size as the sensor PWAS indicated as P1 with the dimension など × など × ど.にの mm made 
of PIC255. In 検-direction the sensor PWAS has the half size of the actuator PWAS indicated 
as P2 with the dimension の × の × ど.にの mm made of PIC151. Furthermore the plate lies on a 
soft egg box foam material to suppress external disturbances. 
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Figure 3: Sketch of the PWAS arrangement on an EN AW 5754 aluminum plate of thickness �� = な.ひ mm. 

For initiation of Lamb waves an arbitrary waveform generator (Tektronix 3022C) supplies the 
actuator PWAS P1 with the actuator voltage �A岫�岻, which is a windowed sine-function with 
five peaks (cf. Figure 1). The sensor voltage �岫�岻 and the actuator voltage �A岫�岻 are measured 
directly by an oscilloscope (Tektronix DPO2004B). To compare the measurement results to 
the analytical results as well as to the numerical analysis the measured sensor voltage signal �岫�岻 is converted into the averaged strain �岫̅�岻 by means of Equation (6) �岫̅�岻 = �戴戴��P穴戴怠�P �岫�岻 = � �岫�岻 . (7) 

The sensitivity � depends on the piezoelectric thickness �P怠 = �P態 = ど.にのmm and on material 
parameters. For the used sensor P1 and P2 the material parameters are listed in Table 1. These 
parameters yields �P怠 = − の.のねね ∙ など−6 な/V  and �P態 = − は.どばな ∙ など−6 な/V. 
 

 
Material 

PWAS P1 
PIC 255 

PWAS P2 
PIC 151 

Dielectric permittivity �戴戴�  な.のねひの ∙ など−8 F/m に.なにのど ∙ など−8 F/m 
Piezoelectric coefficient 穴戴怠 −なぱど ∙ など−怠態 C/N −になど ∙ など−怠態 C/N 

Young’s modulus �P はにななに MPa ははははば MPa 

Table 1: Material parameters for the PWAS used in the experiment [5]. 
 

The ratio of the sensitivities �P怠 �P態 ≅ ど.ひ⁄  indicates that the difference between the measured 
voltage signal using the same size of a piezoelectric element as a sensor should be 
approximately 10% due to different material properties. This has to be considered when 
comparing the signals of the two used sensor types. 
 
Figure 4 shows a direct comparison of the measurement results using Equation (7) with 
material parameters from Table 1 and the analytical strain-response functions. The solid lines 
indicate the analytical strain-response functions by using an actuator P1 for the basic S0 and 
A0 mode, respectively. The measured points for the different sensors P1 and P2 are plotted as 
well, whereby the values indicate the maximum peak of the A0 and S0 wave packets.  
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Figure 4: Strain-response measurement results on the top surface of a thin walled aluminum plate using two 

different sizes of piezoelectric elements as sensors. 

Generally, the measured points are to low compared to the analytical response functions. 
Several influences may cause the differences between the analytical and experimental results, 
e.g. damping effects, uncertainties of material properties and geometry, dimension of the 
sensor, etc. Moreover, the maximum amplitudes of the measured points are shifted to higher 
frequencies � compared to the analytical results. This shift can be observed for both basic Lamb 
wave modes, the S0 and the A0 mode. The reason might be the influence of the bonding layers. 
On the one hand the transmission from the actuator to the structure is influenced by a first 
bonding layer. On the other hand the Lamb wave motion of the top surface of the structure is 
transferred to the sensor by a second bonding layer, which cause a loss of signal as well. This 
influence can also be estimated by analytical calculations [3] and leads to strain-response 
functions which depend on the bonding layer thickness. On the one side Figure 5 (a) shows the 
change of the effective frequency �奪脱脱 at the first maxima of the A0 and S0 bonding layer 
dependent response functions with increasing bonding layer thickness �b in relation to the ideal 
response function. The maximum is shifted to higher frequency, as already seen in the 
measurement results. This shift is higher for the A0 response function as for the S0 response 
function. On the other side Figure 5 (b) shows the change of the effective strain amplitude �奪脱脱 
at the first maxima of the A0 and S0 bonding layer dependent response functions with 
increasing bonding layer thickness �b in relation to the ideal response function. With increasing 
bonding layer thickness �b the maximum value of the A0 response function decreases 
approximately in the same manner as the S0 response function. Compared to the measurement 
results in Figure 4 it can be seen, that the measured amplitudes of the A0 and S0 response 
functions are quite smaller than predicted by the analytical calculations due to the bonding 
layer effect. Consequently there is another effect than the bonding layer thickness which 
influences the amplitude of the response function. 
 
The comparison of the measurement results in Figure 4 for different sensor sizes P1 and P2 
shows similar results for frequencies below � = ぬどど kHz. For higher frequencies � the 
measured points of the smaller sensor P2 show higher amplitudes. Particularly for the A0 mode 
the difference is significantly higher than the predicted 10% due to the different material 
properties of the sensors. This can be explained by the relation between the wavelength � and 
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the PWAS length �P, which is shown in Figure 2. Due to the averaging of the sensor PWAS 
over its length �P the wavelength � plays a major role. If  ratio � �P⁄  is smaller than な at least 
one positive and one negative wave crest are within the PWAS length �P and then the resulting 
integral of strains and with that the mean value � ̅ is low. To verify the influences of this 
averaging effect over the PWAS length �P also numerical investigations are performed. 

3.2 Numerical analysis 

As mentioned in the preceding section the strain-response function of the measurement results 
differ from the analytic functions (cf. Figure 4). The analytical model does not consider 
interaction effects between the structure and the PWAS, like the averaging effect. To reveal 
further possible effects numerical investigations in Abaqus® CAE are performed and 
compared to the experimental results. 
There are several ways to model a piezoelectric element bonded onto a structure for a numerical 
analysis (see Figure 6). First the PWAS can be modelled as a separate part with piezoelectric 
properties and the simulation is done by coupled field analysis to consider the 
electromechanical effects. For attachment one can model a bonding layer between the PWAS 
and the structure (see Figure 6 (a)) or one can model ideal bonding via tie constraints (see 
Figure 6 (b)). Another possibility is to introduce the piezoelectric element directly as a load. 
Via the surface traction option one can model a interfacial shear stress along the bonded length 
of the PWAS (see Figure 6 (c)) or one can model concentrated pin-forces representing ideal 
bonding between the PWAS and the structure (see Figure 6 (d)). Due to the simpler 
implementation and the possibility to configure a bonding layer the analyses presented in this 
article are performed with the interfacial shear stress model. 
 

Figure 6: Levels of idealization: (a) PWAS with bonding layer, (b) PWAS with ideal bonding (tie constraint),  
(c) bonding layer interfacial shear stress model and (d) pin-force model. 

(a) (b) 

Figure 5: Influence of the bonding layer thickness �b on the first maxima of the S0 and A0 response function;  
(a) change of the effective frequency �奪脱脱 and (b) change of the effective strain amplitude �奪脱脱 in relation to the 

ideal bonding case. 
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Figure 7: Reduction from a 3D- to a 2D-model. 

To visualize Lamb waves it is necessary to have a small element discretization over the 
thickness of the plate because the in-plane displacement field is essentially not uniform. This 
results in a high number of elements, respectively in a long computational time and requires 
large memory space. To save computational time and memory space and since Lamb waves 
propagate equally in radial direction, the 3D-model is reduced to a 2D-model for the current 
investigation (see Figure 7). Of course, for the comparison of measurement and numerical 
results, the lateral contraction needs to be considered in the calculation of the interfacial shear 
stress �岫捲, �岻. 
 
The numerical analysis were performed in a frequency range from にの kHz to のどど kHz in steps 
of にの kHz. The actuation is implemented as a interfacial shear stress �岫捲, �岻 with [3] 
 �岫捲, �岻 =  �� + � �P 穴戴怠 �岫�岻な + 荒P  峭Γ sinh岫Γ捲岻cosh岫Γ�岻嶌 , (8) 

Γ = √�b�P  な − 荒P態�P �b  � + ��              and  (9) 

� = �S �Sな − 荒S態  な − 荒P態�P �P  .  (10) 

 

In Equations (8) to (10) 荒P and 荒S are the Poisson´s ratio of the piezoelectric element and the 
structure, �P and �S are the Young´s modulus of the piezoelectric element and the structure, �b is the shear modulus of the bonding layer, �b is the bonding layer thickness and � = �P/に 
is the half length of the piezoelectric element. The value of � is assumed to be 4 because for 
low frequencies �, like in our investigation, the displacement can be approximately described 
by simple axial and flexural wave motions, which is satisfied by this value for � [3].  
 
Similarly to the measurement results the in-plain strain �xx岫捲, �岻 is evaluated for two different 
PWAS sizes. To consider the shear lag effect of the bonding layer the strain �xx岫捲, �岻 at the top 
surface of the structure will be converted into the operating strain �xx,p岫捲, �岻 at the sensor by 
[4]  �xx,p岫捲, �岻 = �xx岫捲, �岻 峭な − cosh岫Γ 捲岻cosh岫Γ�岻嶌 . (11) 

 

Furthermore the operating strain distribution will be averaged along the PWAS length, which 
leads to an averaged strain �岫̅�岻. To represent the strain-response function one has to know 
when the A0 and S0 wave packet will arrive. Therefore the group velocities of these two wave  
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Figure 8: 2D-numerical strain-response functions for the sensors P1 and P2 with a bonding layer thickness of  

(a) tb = のどμm and (b) tb = などどμm at the actuator as well as at the sensor. 
 

packets are calculated and with the known distance between the actuator and the sensor the 
time of propagation of each wave packet is determined. As a result one can detect the maximum 
peaks of the envelope of the averaged strain sensor signal �岫̅�岻 around the calculated time 
points where the A0 and S0 wave packet should appear. In the investigated frequency range a 
point for every frequency step is obtained which can be compared to the analytical and 
measurement results. 
 
In Figure 8 the results of the averaged signal �岫̅�岻 of the large sensor P1 and the small sensor 
P2 are compared to the analytical strain-response functions. Figure 8 (a) depicts the numerical 
results for a defined bonding layer thickness of �b = のど μm at the actuator, as well as at the 
sensor by calculating the averaged operating strain from Equation (11). Figure 8 (b) shows the 
corresponding result with a bonding layer thickness of �b = などど μm. It can be seen that the 
averaging has a big influence on the magnitude of the strain-response, whereby the values of 
the small PWAS P2 are higher than the values for the large PWAS P1. Compared to the 
measurement results of Figure 4 the numerical analysis shows a similar trend regarding the 
height of the values. However, regarding the frequency position the measurement results are 
shifted to a higher frequency as predicted from analytical calculations. This effect does not 
appear in the numerical analysis. It seems that the interfacial shear stress model is not 
sufficient. There are other effects, like material damping, which have not been taken into 
consideration and may influence the result of the strain-response function significantly. Also 
the reduction to a 2D-model may influence the numerical results. For a better representation of 
the measurement results the numerical model has to be improved. However, the presented 
investigations show the trend regarding the effect of the bonding layer and the effect of the 
sensor size. For application of Lamb waves in structural health monitoring these influences 
needs to be taken into account. In the unfavourable case of a large sensor, a low excitation 
signal, and a high bonding layer thickness the signal at the sensor might be too low for 
detection, particularly if the actuator is excited with a signal of one single frequency. The 
differences in Figure 8 at frequencies up to なのど kHz for the A0 Lamb wave mode can be 
explained by interaction of the S0 wave packet reflected from the lateral surfaces with the A0 
wave packet. 

4. CONCLUSION 
This paper discussed possible parameters which influence the generation and capture of Lamb 

(a) (b) 
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waves using piezoelectric wafer active sensors and which have thus an effect on the measured 
sensor signal. Particularly PZT elements were considered.  
 
As Figure 4 shows the measurement strain-response function does not fit to the analytical 
prediction. Based on analytical evaluations and numerical investigations possible influences 
were revealed. For example, the shear lag effect due to the bonding of the PWAS onto the 
structure or the averaging of the strain distribution over the PWAS sensor length cause a 
significant change of the strain sensor signal. The amplitudes of the strain-response function 
of the experimental and numerical investigations are quite similar and it was found, that the 
sensor signal amplitude increases with decreasing sensor length (see Figure 8). The occurred 
frequency shift in the measurement result is possibly caused by the shear lag effect which was 
analytically predicted but could not be observed in the numerical analysis with the same 
magnitude. One reason might be the simplified numerical model. An improved numerical 
model and other possible influence parameter, like material damping are part of further 
investigations. 
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