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Abstract 

Using numerical models, we explored the performance of wavenumber spectroscopy 

techniques for estimating corrosion size and depth in several simulated aluminum plates. 

Through a series of simulations, we studied the effects of varying excitation frequency on 

spatial wavenumber resolution, corrosion depth and diameter effects on wavenumber 

estimation accuracy, and how overall plate thickness affects wavenumber estimation. We then 

added varying levels of white Gaussian noise to the simulated responses in order to study how 

measurement noise affects the estimates for a given plate thicknesses. We confirmed that in-

plane sizing resolution improves with increasing frequency, however, the relationship between 

frequency and accuracy of defect detection is highly dependent on the size of the corrosion 

and plate thickness, indicating that the common “resolution equals wavelength” guideline is 

insufficient and that all geometric properties must be considered together when determining 

the expected performance of a wavenumber imaging technique. 

 
 

1 INTRODUCTION 

With advances in measurement technology, full ultrasonic wave field imaging techniques 

are becoming increasingly popular for structural health monitoring and nondestructive testing 

research. Techniques that utilize local estimates of wavenumber, collectively referred to as 

wavenumber spectroscopy, have shown particular promise for detecting, locating, and 

characterizing area-spanning defects [1]. Wavenumber imaging is advantageous because it 

provides a point-by-point measure of the physical wave properties, which can be directly 

related to material and geometric properties through wave-dispersion relationships, eliminating 

the need for machine learning algorithms. While it is understood that the maximum imaging 

resolution is related to the wavelength, the inherent performance limitations of these techniques 

has not been quantitatively explored.  

In this study, we focus on the use of wavenumber spectroscopy with steady-state, single-

tone ultrasound [2] on simulated plates. In a normal (physical) test, we excite the structure with 

a single tone and bring it to steady-state response. A scanning laser Doppler vibrometer (LDV) 
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then scans a rectangular area, measuring the amplitude and phase of the response over a fine 

grid of points. This measurement is then passed through a bank of narrow-band wavenumber 

filters, and the center wavenumber of the filter that results in the most energy at each grid point 

becomes the wavenumber estimate for that point. This wavenumber can be related to material 

properties and plate thickness through the Lamb wave dispersion relationships [3].  

For this study, a parametric suite of finite element analysis simulations was performed to 

discern the robustness of spatial wavenumber estimation algorithms on a multitude of different 

plate geometries and excitation frequencies. Spatial wavenumber estimations made from the 

surface vibration responses of aluminum plates modeled in ANSYS with varying parameters 

were validated from wavenumber calculations using Lamb wave theory (analytic solution) as 

well as examples from physical scans of plates in a lab setting. Plates contained a cylindrical 

defect on the surface opposite that of the collected data. Table 1 shows the parameters of the 

study. 
 

All simulated plates were square with 400 mm sides, and contained a 40 mm diameter 

cylinder located in the bottom left corner where 0.1 MPa of pressure was applied at the 

excitation frequency. We tuned the mesh size (2mm) to obtain accurate response solutions 

while keeping computation time reasonable. The constant damping ratio used for analysis was 

ζ = 0.001.  

Surface wave data exported from ANSYS plate simulations were converted into a complex 

valued surface response map. The response map was then processed according to the spatial 

wavenumber estimation algorithms described in [2], producing a wavenumber estimation map.  

Radial slices of the wavenumber estimates about the center of the plate were then averaged, 

providing a representative wavenumber slice across the defect region. Figure 1 graphically 

depicts these steps.  

Figure 1: Data progression from surface response to wavenumber plate slice of an aluminum plate containing 

a 30 mm diameter, 30% depth reducing defect. Leftmost figure shows modeled plate response. Second to left 

figure shows the real component of the plate wavepattern. Second to right figure shows the spatial 

wavenumber of the plate with radial slices used for wavenumber averaging. Rightmost figure shows the 

radially averaged wavenumber slice through the plate. A median filter of approximately half of the 

wavelength was applied to wavenumber measurements across the plate’s surface. 

Plate Thickness 

(mm) 

Excitation Frequency 

(kHz) 

Defect Diameter  

(mm) 

Defect Depth  

(% material thickness reduction) 

Simulated Noise 

(SNR) 

5 

55 
10 20-60  

70 

80 10,15,20,25,30,40,50,60,80 2,4,6,8,10,15,20,30,40,50,60,70 1 to 20 

95 

10 20-60  110 

125 

10 80 10,15,20,25,30,40,50,60,80 2,4,6,8,10,15,20,30,40,50,60,70 1 to 20 

 
Table 1: Measurement and specimen geometry parameters that were explored as part of this study 



2 VALIDATION  

We performed a validation of the techniques used for wavenumber estimation using a series 

of plates of varying thicknesses without defects. We saw the S0 Lamb wave mode emerge in 

plates with thicknesses above 8 mm. As seen in left Figure 2, this Lamb wave mode manifests 

in the Fourier transform as a “ring” inside the A0 Lamb wave mode “ring” which is what we 

use to create the spatial wavenumber maps [1]. The existence of S0 Lamb wave mode inside 

the predominant A0 Lamb wave mode caused the windowing filter [1] to be biased towards 

low wavenumber estimations, causing wavenumber underestimation. In order to combat this 

phenomenon, a dynamic mask in the Fourier space was established to block the S0 Lamb wave 

mode, thus allowing the windowing filter to correctly estimate the A0 Lamb mode nominal 

plate wavenumber. As shown in left and center Figure 2, a masking parameter of 70% below 

median estimated wavenumber allows for ample space around the A0 Lamb wave mode while 

completely blocking out other modes. 

Right Figure 2 shows the wavenumber represented by the S0 Lamb wave mode compared 

to wavenumbers of A0 Lamb wave modes appearing on the Fourier transform at 126 kHz. We 

are confident blocking the S0 Lamb wave mode will never cause a false measurement because 

the wavenumber represented by the S0 wave mode is impossible to be represented by the A0 

Lamb wave mode at any thickness. 

Our validation curve is shown in Figure 3 using a 70% mask below the predominant 

wavenumber. The maximum percent difference from the analytical solution is 0.39% and the 

average percent difference from the analytical solution is 0.16%. 

Filter blocks out 

other wave mode 

S0 Lamb wave mode 

A0 Lamb wave mode used 

for wavenumber estimation 

Figure 2: Left shows Fourier transform of plate wave response before Lamb wave mode masking. Center 

shows Fourier transform of plate wave response after a 70% Lamb wave mode filter mask. Right shows the 

suggested wavenumber of the inner ‘ring’ and analytical solution for wavenumber for given plate thicknesses.  

Figure 3: Validation of wavenumber calculation (80kHz excitation frequency) 



3 SPATIAL RESOLUTION & EXCITATION FREQUENCY 

In the first parametric study, we simulated several 5 mm thick plates containing 10 mm 

diameter defects of varying depths, excited at a range of frequencies. We found that spatial 

wavenumber estimations at higher excitation frequencies lead to a sharper wavenumber 

changes at the edges of the defects, making it easier to determine their location and size. Figure 

4 shows a comparison of the results of three plates, each excited at six different frequencies. 

 Figure 5 uses data taken from the frequency range tests shown in Figure 4 and plots the 

slope of the ramp up in wavenumber from outside to inside defect zone as a function of 

excitation frequency. For example, in the 40% depth reduction frequency range series, the ramp 

up slope of wavenumber from median nominal plate estimation to median inside defect zone 

estimation is 1.54 m-1/mm at an excitation source of 125 kHz, while the same plate experiences 

a ramp up slope of 0.16 m-1/mm at an excitation source of 55 kHz. This trend is also present in 

plates containing 20% and 60% defect depths. The ramp up slope consistently increases with 

excitation frequency, which allows higher resolution in the detection of extremely localized 

defects with diameters less than the nominal plate wavelength.  

Increasing excitation frequency also has a minor effect on the sensitivity of wavenumber 

with respect to material thickness. This phenomenon also contributes to the benefits of using 

Figure 4: The effect of varying frequency on plates containing 10 mm diameter defects of different depths. 

From left to right are plates containing a 10 mm 20% defect, 40% defect, and 60% defect.  (5mm thick plate) 

Figure 6: Wavenumber sensitivity to 

changes in material thickness (5 mm thick 

plate) 

Figure 5: The effect of excitation frequency on 

wavenumber slope during change in thicknes (5 mm 

thick plate) 



higher frequencies to detect localized changes in thickness with increased accuracy and less 

distance required to ramp up to a stabilized wavenumber. Figure 6 shows the effect of 

excitation frequency on wavenumber sensitivity to thickness changes on a nominal plate 

thickness of 5 mm.  

4 SIMULATED DEFECT DEPTH AND DIAMETER 

The effect of varying defect depth and diameter on spatially estimated wavenumber was 

explored using a variety of defect geometries on 5 mm thick plates, excited at 80 kHz.  

As shown in Figure 7, an even extremely localized, 20 mm diameter defect had a high 

enough change in estimated wavenumber to be detectable with thickness reductions of 8% and 

higher. These 20 mm diameter reductions in thickness were approximately as wide as the 

nominal plate wavelength. 

4.1  Diameter of Defect 

The accuracy of estimating surface wavenumber inside a defect area (in this case a circular 

reduction of material thickness) is highly dependent on the diameter of the defect. Simulations 

of defects with a range of diameters were compared to see how quickly the average estimated 

wavenumber inside the defect zone converged on the analytic solution.  

Figure 7: Examples of the limits of spatial wavenumber estimation on a 5mm thick plate of defects on opposite 

side of data surface. Left shows plate containing a 60 mm diameter, 4% thickness reducing defect. Center 

shows plate containing a 20 mm diameter, 8% thickness reducing defect. Right shows plate containing a 10 

mm diameter, 60% thickness reducing defect. Colorbar represents wavenumber (m-1). 

Figure 8: Plates containing 50% depth reducing 

defect at a range of diameters (5 mm thick plate) 

Figure 9: Convergence on wavenumber for defect 

diameter range (5 mm thick plate) 



Figure 8 illustrates the radially averaged wavenumber estimation around the center of a plate’s 

surface containing varying 50% deep defects of 50 mm diameters. As defect diameter becomes 

smaller than the nominal wavelength of the surface of the plate (in this case approximately 20 

mm), wavenumber estimations lose considerable accuracy.  

Figure 9 shows convergence of a series of the median wavenumber estimations inside 

varying defect diameters. Percent convergence was calculated using the difference of median 

wavenumber inside and outside of defect zones compared to the analytic solution. 

Wavenumber estimation inside diameters as small as 10 mm, half the nominal plate 

wavelength, were on average within 31% of the analytic solution total wavenumber difference, 

and within 38% of the stabilized wavenumber estimation. Inside defect median wavenumber 

estimations converged on average within 85% to the analytic solution total wavenumber 

difference and 85% to their stabilized wavenumber estimation reached when defect diameters 

were greater than 35 mm and 20 mm, respectively. 

4.2  Depth of Defect 

Figure 10 illustrates the defect detectability in our simulated specimen by showing the 

difference in the average wavenumber estimate inside and outside of defect zone normalized 

by the standard deviation of the wavenumber in undamaged region. Defect depths of 8% of 

material thickness with diameters of 25 mm to 60 mm showed inside defect median 

wavenumber estimates twice that of nominal plate standard deviation, which allowed for visual 

detection of size and shape of the defect. Higher defect depths provided higher detectability. 

The exponential growth of detectability can be described by the exponential increasing 

behavior of wavenumber as material thickness decreases linearly [3] (see section 5).  

As mentioned in section 4.1, increasing defect diameter also allows for easier detection and 

isolation of areas with reduced thickness. This is shown by the larger defect diameter series in 

Figure 10 having slightly higher detectability.  

Figure 10: Average defect wavenumber compared to nominal plate wavenumber std (5 mm thick plate)  



5 PLATE THICKNESS 

Surface vibration response data from the 5 mm and 10 mm thick plates with identical 

defects were also compared, and used to determine the effects of varying nominal plate 

thickness on wavenumber estimation. Figure 11 shows the relationship of surface wavenumber 

and plate thickness. Figure 12 shows the wavenumber sensitivity to changes in plate thickness. 

Information in Figure 12 shows the 5 mm thick plates that underwent frequency, diameter, and 

depth studies had wavenumber sensitivities greater or equal to 3.5 m-1/mm, while wavenumber 

estimation sensitivity dropped to 1.1 m-1/mm for plates with thicknesses of 10 mm. Though the 

wavenumber sensitivity to thickness affects thickness estimation made from wavenumber 

estimation, there was no sizeable difference in defect diameter requirement for stabilized 

wavenumber estimation between plates of different thicknesses.  

Figures 13 and 14 show the results of comparing inside defect wavenumber estimation 

convergence to determine defect diameter requirements for 5 mm and 10 mm thick plates. 

Average defect diameter requirements for 85% convergence on stabilized inside defect 

wavenumber for 5mm and 10mm thick plates were 20.1 mm and 20.3 mm, respectively.  

Figure 11: The relationship of wavenumber 

and plate thickness (80 kHz excitation) 

 

Figure 12: The relationship of wavenumber 

sensitivity to plate thickness and plate thickness 

(80 kHz excitation) 

Figure 13: Wavenumber convergence 

in 5mm thick plate to stabilized 

estimate with respect to defect diameter 

(80 kHz excitation) 

 

Figure 14: Wavenumber convergence 

in 10mm thick plate to stabilized 

estimate with respect to defect diameter 

(80 kHz excitation) 

 



6 SIMULATED NOISE 

We also explored the effect of simulated noise on wavenumber estimates. Varying levels 

of white Gaussian noise was applied to the out-of-plane surface response of the 5 mm and 10 

mm thick plates. Plate wavenumber median and standard deviation were compared to a range 

of signal to noise ratios, defined by the ratio of the signal energy to the variance of the nominal 

plate wavenumber estimation. Figure 15 and 16 show the median surface wavenumber estimate 

as the signal to noise ratio decreases, on 5 mm and 10 mm thick plates, respectively. 

The addition of noise induced an increase in the standard deviation of the surface 

wavenumber estimations, but ultimately did not have much of an impact on the median 

wavenumber of either plates until the signal became only 6 times the level of noise. The 5mm 

thick plates had lower standard deviation at every noise level than the 10mm thick plates. 

7 MESH SIZE  

Though our median wavenumber estimate stabilized for defect areas greater than 60mm 

and nominal plate areas, the estimate consistently converged below the analytical wavenumber 

solution calculated from Lamb wave theory in [3]. We attribute this discrepancy to an increase 

in stiffness caused by the mesh used in simulations. Figure 17 shows the median nominal plate 

wavenumber estimate with varying mesh sizes.  

Though nominal plate wavenumber estimation improves as mesh size decreases, the 

number of elements and time taken per simulation increases exponentially. With the 2 mm 

mesh element size used in simulations (approximately a tenth of the surface plate wavelength 

of the 5mm thick plates) the median wavenumber estimate is 99% accurate. 

Figure 15: Median wavenumber estimates with varying 

degrees of SNR (5mm plate) 

Figure 16: median wavenumber estimates with 

varying degrees of SNR (10mm plate) 

 



8 CONCLUSIONS  

This series of numerical studies using simulated aluminum plates sheds light onto the 

accuracy limits of spatial wavenumber detection algorithms. We explored correlations between 

excitation frequency and spatial resolution of localized material thickness defects, 

experimented with the effects of defect diameter and defect depth on accuracy of surface 

wavenumber estimations, examined wavenumber estimation robustness on plates of different 

thicknesses, and observed the effects of simulated noise and on surface wavenumber 

estimation. 

We verified that higher excitation frequencies allow for higher changes in spatial 

wavenumber estimates per millimeter, which allows for higher spatial resolution of localized 

defects with diameters of approximately half of the surface wavelength. We observed 

wavenumber estimates began to converge within 15% to a stabilized value inside defect depth 

ranges of 30%-60% when defect diameters were approximately the wavelength of the nominal 

surface wave response (20 mm). We saw that 25 mm to 60 mm diameter defects with depths 

of 8% or higher on 5 mm thick plates provided clear boundaries of plate defect areas. We 

ascertained that even though wavenumber was less sensitive to thickness in thicker plates, 

defect diameter requirements for stabilizing wavenumber estimation was independent of plate 

thickness. We tested uniform 5 mm and 10 mm thick plates with varying levels on noise and 

saw an increase in standard deviation of surface wavenumber estimations and assessed the 

wavenumber estimation error for noisy measurements. 

Further studies could include usage of higher processing power and smaller mesh element 

sizes to achieve closer wavenumber estimates to the analytical solution, or utilizing meshing 

that is more suited for simulation of Lamb wave behavior. 

  

Figure 17: The effect of mesh element size on median wavenumber estimate (5mm plate) 
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