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Abstract 

 

Some preliminary results are reported on the intention of using active infrared thermography 

(IRT), combined with topological derivative, for nondestructive testing (NDT). The main 

opportunity in this idea is that thermographies for NDT are more non-intrusive and non-

contact than other NDT methods, such as ultrasonic testing. However, compared to 

ultrasonics, heat transport is short range and the outcomes exhibit a less favorable signal to 

noise ratio. Therefore, the application of thermographies to NDT heavily relies on using very 

efficient data-processing tools. 

Treating thermographic testing as an inverse problem, the so-called topological derivative will 

be used as the main data-processing tool, which will be illustrated in a particular steady 

thermographic inspection. Unsteady thermographies resulting from, e.g., periodic forcing, 

yield a larger amount of data, whose efficient post-process requires more powerful data-

processing tools, which should be combined with the topological derivative. 

Here, we select two data-processing methods based on high-order singular value 

decomposition and dynamic mode decomposition, which are a multidimensional extension of 

standard principal component analysis and a very efficient alternative to fast Fourier 

transform, respectively. These tools exhibit their own interest to filter errors out and recognize 

patterns in massive experimental data, which will be illustrated in a set of experimentally 

measured thermographies. 

Keywords: Thermography, Modeling, Data-processing, Pattern recognition, High order 
singular value decomposition, Dynamic mode decomposition, Inverse problems, Topological 
derivative. 
 

1 INTRODUCTION 

 
Infrared thermography is currently used in a variety of fields, including building [1] and 
medical [2] diagnostics and night vision. This technique has also been recognized [3] as a 
promising means for non-destructive testing (NDT). As a remote testing technique, 
thermography is safer and more nonintrusive and noncontact than other NDT methods, such 
as ultrasonic testing.  However, heat transport is short range and the associated signal to noise 
ratio is less favorable here than in ultrasonics. Thus, the application of active thermography 
as NDT heavily relies on using very efficient data-processing tools [4]. 
 
Mathematically, processing infrared images in heat transport media to identify defects and 
inclusions (which affect material properties such as thermal conductivity and density) is an 
inverse problem [5], which aims at calculating the material properties from the response of the 
system to thermal excitation. The direct problem would be calculating the system response 
with known material properties.  
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Among the available mathematical methods to treat inverse problems, the so-called topological 

derivative [6] gives the sensitivity of the difference between the experimental and calculated 
responses of the system to infinitesimal inclusions on the material. Defects and inclusions are 
most likely located at those spatial points exhibiting large (negative) values of the topological 
derivative. This data-processing tool has been already used in the context of two-dimensional 
thermal propagation, with promising results [7], and will be the main tool below. However, 
because of the above mentioned drawbacks of heat transport, additional data-processing tools 
are needed to both filter errors out and identifying the relevant patterns in measured data. 
 
Against this background, a project has been initiated to combine topological derivatives and 
experimental thermography, using both pulsed and modulated excitations. The aim of this 
paper is to present the first step in this direction, focusing on steady thermography. The 
mathematical formulation of the involved direct and inverse problems, and the topological 
derivative calculation, will be presented in section 2 and applied in section 3 to inclusion 
identification in a plate using synthetic (namely, numerically generated) thermographies. This 
is a very preliminary application, which is made just to elucidate the applicability of the 
method. The natural extension is unsteady thermography, in which the signal to noise ratio of 
the method is expected to be substantially improved. 
 
It must be noted that, in the end, the efficiency of the method increases as the amount of the 
available uncorrelated data increases. In steady thermography, the available data are just a 
single two-dimensional snapshot. Unsteady thermography, instead, yields a series of 
thermographies that involve a much larger amount of data. However, because of the above 
mentioned drawbacks of the method, the quality of the available data should be increased in 
connection with errors and pattern recognition. In addition, a method will be presented to 
designing a good unsteady forcing strategy. This requires an automatic means to recognizing 
correlations and patterns in massive databases, by means of additional data-processing tools 
that will be considered in section 4. The paper ends with some concluding remarks, in section 
5. 
 
2. FORMULATION: THERMAL PROBLEM AND TOPOLOGICAL DERIVATIVE 

 
Let us consider the steady heat conduction problem in a three-dimensional plate,

: 0 ,0 ,0x y zx l y l z lY > > > > > > , with the thickness xl , much smaller than the span 

dimensions, 
yl  and 

zl . The governing equation and boundary conditions are 

 
 * + 0 ink Tı© ı ? Y , (1) 

 * + * + * +4 4
ext ext , at 0

T
k T T T T q y z x

x
c ug• ? / - / / ?• , (2) 

 * + * +4 4
ext ext at x

T
k T T T T x l

x
c ug•/ ? / - / ?• ,  (3) 

 0 at 0, y

T
y l

y

• ? ?• , (4) 
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 0 at 0, z

T
z l

z

• ? ?• , (5) 

 
where ( , , )k x y z  is the heat conductivity, extT  is the ambient temperature, c  is the heat 

coefficient, u  is the Stefan-Boltzmann constant, andg "is the surface emissivity. The function 
( , )q y z  accounts for the heating produced by the external heat source (on only one side, x=0). 

The direct problem consists in calculating the temperature distribution * +, ,T x y z when the 

various coefficients appearing in the formulation (in particular, ( , , )k x y z ) are known. In the 

inverse problem, instead, the aim is to calculate the (unknown) spatial distribution of * +, ,k x y z  

that produces a given two-dimensional temperature distribution (measured with a 
thermography) on one of the sides (x=0) of the plate, meas ( , )T y z . It must be noted that forcing 

and measuring temperatures on the same side of the plate requires intermittent heating 
(amongst other reasons to avoid seeing the reflection of the heat source), with a frequency 
much larger than the characteristic heat conduction time, which produces a slight oscillation 
about the steady state. Such oscillation can be easily filtered out by a simple data-processing 
method. Thermographies are obtained at those repeated short time intervals when the heating 
source is turned off. 
 
The thermal conductivity k  will be assumed to be a localized small perturbation of some base 
distribution 0 ( , , )k x y z , not necessarily uniform, which produces a temperature field denoted 

as 0 ( , , )T x y z . In other words, 

 

 0k k k? / # , (6) 

 

where 0k ‡#  and the minus sign in eq.(6) has been introduced because k  is expected to be 

smaller than 0k  at defects and inclusions. In addition, k#  is spatially localized and appropriately 

small, namely such that 
 

 
22

2
0 LL

k k dxdydz k
Y

? Ð# # 2 . (7) 

 

This condition does not require that k#  be small pointwise, but only that it is small in the root 

mean square sense. In particular, this condition is satisfied if k#  is not small but is localized, 

namely if k#  is zero except in a small region, where it is comparable to 0k . The idea is to 

estimate k#  by somehow minimizing the quadratic objective function 
 

 * + * + * + 2

meas

0 0

1
0, , ,

2

y z
l l

H k T y z T y z dydz? /Ç ×É ÚÐ Ð# ,  (8) 

 

where, for each distribution of k# , T is the solution of (1)-(5) with k  as defined in (6) and 
measT  

is the measured temperature (using a thermography, as explained above). Note that, in 
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principle, calculating H  for a given distribution of k#  requires solving the full problem (1)-(5).  

In other words, as defined in (8), the dependence on k#  of the objective function H is not 
explicit, but implicit through the temperature field T .  
 

The topological derivative can be seen as the sensitivity of H with respect to k#  and will be 
very useful to elucidate the possible locations of inclusions and defects. Now, the sensitivity is 
obtained by perturbing k  as in (6) and also perturbing T  and H  as  
 
 0 0, ,T T T H H H? - ? -# #   (9) 

 
where 0H  is the unperturbed objective function and 0T  is the unperturbed solution of (1)-(5), 

for 0k k? , namely 

 
 * +0 0 0 in ,k Tı© ı ? Y  (10) 

 * + * + * +4 40
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c ug• ? / - / / ?•   (11) 
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T
k T T T T x l

x
c ug•/ ? / - / ?•   (12) 
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T
y l

y

• ? ?•   (13) 

 0 0 at 0, .z

T
z l

z

• ? ?•   (14) 

 
This problem will be called the unperturbed direct problem. Now, the sensitivity of H  with 

respect to k#  is defined as the three-dimensional field ( , , )S x y z  such that, to the linear 
approximation, the perturbation of the objective function is given by 
 

 * + * +
2

2
0 , , , , (|| || ).LH H H S x y z k x y z dxdydz O k

Y
» / -ÐÐÐ # ## 0  (15) 

Now, since the final end is to minimize the objective function H defined in eq.(8),  the correct 
distribution of inclusions and defects is expected to be such that they produce better values of 
the objective function H than its unperturbed value, namely such that 0H Hd . In other words, 

the perturbation H#  should be as negative as possible when the right positions of defects are 

accounted for in eq. (15). Since, as anticipated, k# is positive at inclusions, according to eq. (15), 
inclusions are to be expected most likely located at those regions of the plate where the 
topological derivative S  exhibits its largest negative values. 
 
Obviously, the sensitivity could always be calculated proceeding as suggested above, namely 
by solving the direct problem of (1)-(5), with k  as defined in (6), for each possible distribution 

of k# , substituting this into (8), and retaining the linear approximation. The difficulty is that 

there is a huge number of possible distributions of k# , which means that the number of times 
that the direct problem should be solved is also huge, implying that such calculation would be 
impractical because of its computational cost. However, the difficulty can be overcome by 
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using the adjoint formulation, which is a very computationally efficient method developed by 
Jameson [8-10] in the field of aerodynamics. This formulation only requires solving just once 
the unperturbed direct problem (10)-(14), and solving once the so-called adjoint problem, 
which in the present context is given by 
  
 * +0 0 in ,k wı© ı ? Y  (16) 

 * + * + * +3
0 0 0 meas4 0, , , at 0

w
k T w T y z T y z x

x
c ug• ? - - / ?Ç ×É Ú•   (17) 

 * +3
0 04 at ,x

w
k T w x l

x
c ug•/ ? - ?•  (18) 

 0 at 0, ,y

w
y l

y

• ? ?•  (19) 

 0 at 0, .z

w
z l

z

• ? ?•  (20) 

 
Once the unperturbed direct and adjoint problems have been solved (which give the three-
dimensional distributions 0T  and w , respectively), the sensitivity (or topological derivative) is 

given by  
  
 * + * + * +0, , , , , ,S x y z T x y z w x y z? /ı ©ı . (21) 

 
This formula will be used in the next section to estimate inclusions from the spatial distribution 
of the topological derivative for steady thermography. 
 
  
3. STEADY THERMOGRAPHY 

 

Using the topological derivative formulation given by (10)-(14), (16)-(20) and (21), two 
applications are now considered for a 20 60 1· ·  cm 3  plate exhibiting 0.75 cm deep elliptical 
blind orifices (indicated with white lines in Figs. 1 and 2, right) in its back side. The plate is 
illuminated from its front side using one (Fig.1) or two (Fig.2) point source lamps located at a 
distance from the plate such that the characteristic beam width is 50% of the sample width. The 
zenith span positions of the lamps can be guessed in Figs. 1 and 2, left plots, where the 
temperature fields (mimicking thermographies) in the front part of the plates are depicted. As 
can be seen, the orifices cannot be even guessed in the thermographies, which are plot-
indistinguishable from their counterparts for the unperturbed plate (without orifices). 
 

As anticipated, the topological derivative calculated after eq. (21), * +, ,S x y z , is a three-

dimensional field, defined in the whole plate, and is such that the orifices are most likely 
located at those three-dimensional regions of the plate where S  exhibits its largest negative 
values.  The plot of S  along the mid-section of the plate for the two considered cases is given 
is Figs. 1 and 2, right. The blue regions in those plots indicate the guess for the positions of the 
orifices. 
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Figure 1. Left: Temperature field on the heating side (namely, the front side) for the test sample 
with an elliptic orifice 75% of the total thickness deep (outline shown in right figure). The 
temperature field is plot-undistinguishable from the same field for a sample without orifices. 
Right: Topological derivative. An outline of the orifice has been superimposed with white line 
to see the blind orifice shape, as it is not really seen in this view (it is on the back side). 
 
 

 
 
Figure 2. Counterpart of Fig.1 for a different illumination (using two lamps) and a different 
set of two orifices. 
 
 
It must be emphasized that these are only preliminary calculations, which can be improved in 
various ways. In the context of steady thermographies, the topological derivatives for various 
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positions of the lamps (i.e., considering several independent thermographies) can be combined, 
as we did in [11], to obtain much more precise results. On the other hand, as anticipated, 
unsteady thermographies will provide better results. However, these improvements are well 
beyond the scope of this paper and will be considered elsewhere. 
 

 

4. UNSTEADY THERMOGRAPHICS AND ADDITIONAL DATA-PROCESSING 

TOOLS 

 

Two types of data-processing tools will be used for both cleaning (namely, filtering out errors) 
experimental databases and recognizing patterns in both experimental and numerical 
databases. High order singular value decomposition (HOSVD) is a very robust tensor 
decomposition [12] that has been used for various purposes, including post-processing of 
aeronautic databases [13] and recovering lost data [14]. Considering, for simplicity, a three-
dimensional database, 

jklD , its HOSVD is given by 

 ,jkl pqr jp kq lr

pqr

D S U V W?Â  (22) 

where the tensor S  is known as the core tensor and the matrices U , V , and W  give the modes 
of the decomposition. When the database exhibits redundancies along its various directions, 
due to physical laws, truncation in the indexes p , q , and r  yields a very good means to filter 
out errors and recovering lost data. 
 
On the other hand, when the indexes j , k , and l  label equispaced discretizations along the 
two spatial dimensions and time, the dynamic mode decomposition (DMD) of the database is 
an improved extension [15] of standard DMD [16] and reads 
 
 ( ) ,n n li t

jkl jkn

n

D Q e
f y-?Â  (23) 

where i  is the imaginary unit, 
jknQ  are the spatial modes, 

nf  are the temporal growth rates, 

and ny  are the temporal frequencies. Note that, since the data are real, the exponents and modes 

appear in complex conjugate pairs. For periodic and quasi-periodic data, the exponents are 
purely imaginary and DMD gives similar results as the fast Fourier transform (FFT), though 
DMD is much more efficient since (i) it does not need a very large number of temporal 
snapshots, (ii) is able to compute not only the frequencies but also the growth rates, and (iii) is 
free from sideband artifacts. On the contrary, for spatio-temporal decaying phenomena, the 
exponents are real (thus, not computable using the FFT). 
 
The combined application of HOSVD and DMD is a very efficient post-processing tool that 
both filters out errors (the HOSVD step) and recognizes spatio-temporal patterns (the DMD 
step). As an example to illustrate this methodology, we consider the series of thermographies 
describing the thermal relaxation in a plate that is subject to a sudden flash from a lamp at t=0. 
The plate (see Fig.3-left) exhibits eight round, blind orifices of various depths (comparable to 
a half of the plate thickness) in its back side. In order to facilitate comparison with the 
remaining two plots in this figure, which correspond to the front side of the plate, a reflection 
about the vertical symmetry axis of the rectangle has been applied to this picture. 
Thermographies in the front side (see a representative snapshot in Fig.3-middle) do not allow 
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for guessing the orifices at all. However, applying the data-processing method outlined above, 
with the indexes j  and k  accounting for the horizontal and vertical spatial directions and the 

index l  labeling the snapshots, three purely decaying modes (namely, with 0ny ?  in eq. (23)) 

are identified, plus many oscillating modes, which are seemingly due to ambient temperature 
oscillations and background noise. The third decaying mode is plotted in Fig.3-right, where 
seven of the eight orifices can be appreciated. It is interesting to note that these results show 
that only three modes (namely, three sets of two-dimensional spatial data) are really 
uncorrelated and thus useful to identify the orifices using the topological derivative. 
 
 

 
 

Figure 3: Left: picture of the sample taken from the back (hidden) side. The picture has been 
flipped vertically to ease comparison with the thermographies at its right, which are taken in 
the front side of the plate. Middle: raw thermography. Right: processed thermography. 
 
It must be emphasized that this post-process of the experimental data is only a preparation of 
the data before applying the topological derivative (in fact, the unsteady version of the steady 
topological derivative described in section 2). In some sense, identifying the spatial modes 
allows for using a method similar to the multi-frequency topological derivative method [11], 
which has been used by us in the context of NDT methods using guided waves. 
 
 
5. CONCLUDING REMARKS  

 

A method based on the topological derivative has been described intending to use active 
thermography for NDT. In contrast to more generic data-processing methods, the physics of 
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the process is accounted for in this formulation. The method has been briefly described in 
section 2, where for the sake of simplicity only steady thermography was considered. 
 
The method was applied in section 3 to two particular steady thermographies. Such application 
was only intended to illustrate the method and thus several possible improvements have been 
completely omitted. 
 
For unsteady thermographies, a pre-processing method was presented in section 4 that was 
based on a synergic combination of two mathematical methods, namely higher order singular 
value decomposition and dynamic mode decomposition. Again, the presented material was 
organized for illustration purposes only, in connection with the potential benefits of the 
methodology, which is intended as a purely pre-processing tool, prior to the application of the 
topological derivative. Thus, we focused on the potential ability of the method to: 
 ‚ Cleaning the experimental thermographies, filtering errors out. ‚ Recognizing spatio-temporal patterns, including (a) spatial patterns associated with the 

presence of inhomogeneities in the data (e.g., those produced by the orifices in the 
considered application); and (b) the relevant temporal patterns (e.g., the three 
recognized temporally decaying modes in the considered application). 
 

It must be emphasized that the new pre-processing tool exhibits its own interest and can be 
used in combination with other NDT methods. In fact, the method is being used by us to post-
process experimental data in fluid mechanics, where the method is able to recognize the 
relevant patterns (e.g., eddies and shear layers) and filter out spurious artifacts resulting from 
experimental uncertainty in a very robust and efficient way [17]. 
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