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Abstract

Piezoelectric transducers are the most common choice for elastic waves based Structural Health Mon-

itoring and Non-destructive Testing systems. Apart from signal processing techniques, actuators and

sensors play a significant role in damage detection, evaluation and localization problems. In structural

components multimodal, dispersive guided waves exist. Although potentially attractive due to multiple

features that can be possibly used for damage detection, multimodal and dispersive nature of propaga-

tion results in substantial complexity of data analysis. Hence, transducers allowing for selective wave

generation and/or acquisition are sought. In the present work a semi-analytical approach for wavefield

prediction is presented. The method makes use of analytically calculated spectral characteristics, i.e.

dispersion and excitability curves, and a numerical model of a transducer. For a selected excitation

signal and given transducers shape the resulting displacement field can be calculated effectively. Also,

given a goal function, e.g. a selective excitation of a guided wave mode, stress field exerted by the

transducer can be calculated through an inverse problem solution. The approach makes use of an an-

alytical technique combined with a numerical integration techniques, hence can be effectively used in

identification problems. The method formulation, implementation and test cases are shown.

1. INTRODUCTION

Structural Health Monitoring (SHM) systems based on ultrasonic guided waves are common choice for

monitoring integrity of structures. A detailed discussion on ultrasonic waves and related phenomena can

be found in numerous papers and books [1]. In bounded media, various guided waves can exist, e.g. in

plates, rods and cylinders to name a few. One of the most widely used are Lamb waves, discovered by

Horace Lamb in 1917, propagating in thin plates. Lamb waves propagate over long distances, however

due to their multimodal and dispersive nature, waveforms are distorted along the propagation path from

the source. Detailed theory of Lamb waves is given in [2]. For structural health monitoring, other wave

properties, namely wave scattering, attenuation and reflection are of particular interest [3].

Selective wave mode generation for ultrasonic guided waves is important for practical applications.

A number of various transducer types have been proposed in literature e.g for selective frequency gen-

eration [4] or selective wave-mode generation [5]. Numerous solutions have been proposed to these

problems. Recently, much attention has been paid to transducer modelling. Based on numerical simula-

tions, solutions for transducer design were proposed [5,6]. More complex problems, focused on a single

wave component was addressed through optimisation-based methods. In particular, Genetic Algorithms

(GA) were found useful in practical use for effective solving of the inverse problem [7].

Due to computational complexity associated with optimisation, frequently one-dimensional prob-

lems are studied [8]. Despite this, numerical model-based optimisation is frequently employed for
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application-oriented transducers design. Typical examples are inspection, source identification and lo-

calization in plate-like structures [9, 10]. In [11] optimization technique for interfacial shear stress

profile employing genetic algorithms has been proposed. As one dimensional cases were considered,

generalisation of the results to real transducers is open.

This paper introduces a 2-D semi-analytical approach to transducer design with aim of selective

wave generation. A general idea is to calculate time-domain wavefield excited by a transducer by em-

ploying discretised excitation area and considering spectral properties of the medium. A similar concept

has been proposed in [12], where resulting wavefields are predicted through the Huygens principle, for

a transducer modelled as a set of discrete points. In this method a waveform for a field point at given

distance from the source is calculated from dispersion curves. In contrast, in the presented work, the

actuator is considered as a two-dimensional continuous traction field. Arbitrary shape of the transducer

can be considered. The shape of the traction field is discretised using quadrilateral finite elements with

bi-linear shape functions. Time responses are obtained from field integration of the continuous domain,

using both dispersion and excitability curves, allowing for accurate prediction of phase and amplitude

of a guided waves.

The paper is organized as follows. First, an introduction to the procedure is presented with de-

scription of model parameters, fundamental equations and assumptions. Next, results are presented for

simple test cases for validation of the procedure. Finally, results discussion and conclusions are given,

and possible directions for future works are drawn.

2. SEMI-ANALYTICAL APPROACH TO WAVEFIELD CALCULATION

The proposed semi analytical approach employs: (1) a finite element model of the transducer, (2) spec-

tral properties of the medium, and (3) field integration algorithm. First, a transducer is modelled as

equivalent traction field exerted by actuator on the medium (e.g. a plate). Arbitrary shape of the field is

discretised with finite elements.

In the presented examples, 2-D four-noded quadrilateral elements with bi-linear shape functions are

assumed. Subsequently, spectral properties of the medium, namely dispersion and excitability curves,

are calculated. Both, analytical and numerical spectral properties can be used [13]. Finally, field integra-

tion procedure is invoked for the excitation traction field. The procedure is carried out in the frequency

domain for arbitrary excitation waveforms. The results yield time-domain signals for selected locations

in the model, hence can be easily compared to other numerical techniques. The idea of the proposed

method is shown in Fig. 1. Subsequent sections, outline the details of the method.
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Figure 1 : Subsequent stages of the proposed semi-analytical approach.



2.1 Finite element model of the transducer

For analysis of a transducer of arbitrary shape, a discretisation process has to be adopted. For this

purpose finite element interpolation scheme was used (see Fig. 2). For planar shapes, four-noded

quadrilateral elements were selected. Within an element, vector of nodal values, qe = [q1,q2, ...,qn]
T ,

for quantity q, and shape functions are used to interpolate the distribution of quantity q, [14]

q(x,y) = N4Q(x,y)qe (1)

where x and y denote spatial coordinates, N4Q are shape functions for the element. In the presented work,

the scheme given by Eq. (1), is employed for the normal and in-plane traction components, namely tz
and (tx, ty), respectively. Equation (1) is also used to transform global coordinates, x and y, to the local

coordinate system ξ and η , through the following mapping

x(ξ ,η) = N4Q(ξ ,η)xe (2)

y(ξ ,η) = N4Q(ξ ,η)ye (3)

where xe and ye are nodal coordinates and N4Q(ξ ,η) are shape functions expressed in the local coordi-

nate system. The shape functions N4Q for the element are given as, [14]

N
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1

4
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The above equations, (4), and Eqs. (2) and (3), map an arbitrarily-shaped element into the natural

coordinate system, comprising the isoparametric transformation. The mapping is required for numerical

integrations schemes. For integration, the Jacobian (J) matrix is defined to facilitate integral transforma-

tions between global (x and y) and local (ξ and η) variables,
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Figure 2 : Example transducer shapes discretised with quadrilateral finite elements.



Employing the isoparametric mapping, the integration is performed in natural coordinates through

the Gauss quadrature. In the following work, 16 integration points were used. Integration points coor-

dinates and associated weights are given in Tab. 1.

The 2-D finite element mesh of the transducer allows for interpolation of a continuous function,

through a vector of nodal parameters and elements’ shape functions. The function defined on the mesh

through a set of nodal values depends on the form of the solution to wave propagation problem and will

be discussed in subsequent sections.

Table 1 : Gauss quadrature with weights

n point (ξ and η ) weight

1 -0.86113631 0.34785485

2 -0.33998104 0.65214515

3 0.33998104 0.65214515

4 0.86113631 0.34785485

2.2 Spectral properties of the medium

The propagation path is accounted for through spectral properties of the medium. Since thin elastic

plates are considered in the following examples, spectral properties consist of Lamb wave dispersion

and excitability curves, as shown in Fig. 3 and 4. Either analytical or numerical dispersion curves

can be used. The former can be employed for accurate design of the excitation field, while the latter

can be used to predict transducer’s response in a numerical dynamic transient simulation, to estimate

numerical errors associated with the model (e.g. mesh-induced anisotropy, see [13, 15], or to select

proper discretisation parameters. Details on dispersion and excitability curves calculation methods are

given in [13, 15].

Figure 3 : Numerical dispersion curves for an aluminium plate.



Figure 4 : Numerical excitability curves for an aluminium plate - antisymmetric modes (left) and symmetric

modes (right)

In this work, numerical dispersion and excitability curves for a finite element model with hexahedral

elements of size 0.5× 0.5× 0.5 mm, were used (see Fig. 3 and 4). As a consequence, dispersion

curves bend upwards in the f −k domain, and the numerical Brillouin zones are formed for the limiting

wavenumber of k = 4000π rad
m

. Also, distortions in excitability curves can be noted in Fig.4. Dispersion

and excitability curves provide wavenumbers and wave amplitudes for the calculation procedure. Both

spectral characteristics are combined in the frequency-dependent integration algorithm.

2.3 Field integration algorithm

Wavefield excited by a transducer of finite size, following Huygens principle, consists of waves excited

by an infinite number of point sources located in the transducer area. Elementary waves interfere result-

ing in the acquired waveform. For a wave excited by a point force, the signal acquired at distance r from

the source is given by

s(t) = ∑
i

Ai(ω,ki,r)e
ikireiωteiϕ (6)

where Ai(ω,k,r) denotes wave amplitude for ith guided wave mode, ki is the associated wave number,

ω is the angular frequency, t is the time and ϕ is related to the phase of the excitation signal. The

wave amplitude, Ai, depends on excitation frequency and wavenumber of the ith mode, but also on the

propagation distance r, e.g. due to geometrical spreading. Please note that the propagation distance is a

function of spatial coordinates x and y, i.e. r(x,y). Wavenumbers, ki, are taken from dispersion curves,

while part of Ai is taken from excitability curves for particular combination of ω and ki.

Signals of the form of Eq. (6) are integrated over the transducer domain, Ω, resulting in the time-

domain response signal

S(t) =
∫

Ω
∑

i

Ai(ω,ki,r)e
ikireiωteiϕdΩ (7)

In the proposed method the integration in Eq. (7) is replaced by Gauss quadrature. Consequently,

the integral is substituted by a finite sum over integration points

S(t) = ∑
j

[

w jdet(J)∑
i

Ai(ω,ki,r j)e
ikir j eiωteiϕ

]

(8)

where r j is the distance between the sensor and jth integration point. For the field integration, time-

history of the excitation signal, i.e. the traction, must be defined. The signal is defined in the time domain

and transformed to the frequency domain through the Fourier transform. The numerical integration, Eq.
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Figure 5 : Example excitation signal and its Fourier spectrum.

(8), is performed in the frequency domain for each frequency component. An example of the time

signal and its Fourier spectrum are shown in Fig. 5. In the presented examples a hanning-windowed

sine function of frequency of 200 kHz was selected for excitation. Equation (8) is therefore evaluated for

each frequency component ω separately. Hence, the time-domain signal is back-reconstructed through

the inverse Fourier transform after evaluating Eq. (8).

3. RESULTS

The proposed method has been verified with two numerical examples. First, a small rectangular exci-

tation region was assumed as excitation. Normal traction component, constant within entire area of the

transducer, was defined. Responses were evaluated at selected points on the plate. The second example,

shows the wave tuning effect, i.e. either constructive or destructive interference due to spatial matching

between the wavelength and the transducer effective length.

Since the proposed model is verified with a numerical solution (i.e. FE simulation), numerical

dispersion curves are employed in the semi-analytical approach. For all cases numerical dispersion

and excitability curves were calculated for an aluminum plate with the following parameters: Young’s

modulus E = 69 GPa, Poisson’s ratio ν = 0.3, density ρ = 2900kg/m3, plate thickness d = 2 mm. Cubic

finite elements with edge length of 0.5 mm were assumed for all numerical models.

3.1 A point source

First, a point source was modelled. The transducer consisted of a single finite element with in-plane

dimensions 0.5× 0.5 mm. Constant, unit spatial profile of the out-of-plane traction component was

assumed (i.e. tz = 1 Pa). The waveforms, recorded at a point located 60 mm from the transducer,

obtained from dynamic transient simulation using FE and calculated using the proposed approach, are

shown in Fig. 6.
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Figure 6 : Waveforms for the proposed semi-analytical approach and dynamic transient finite element simulation.



Two modes at temporal frequency 200 kHz, i.e. A0 and S0, are present. The A0 mode is slightly

more distorted due to the dispersion effect. Also, S0 appears with significantly lower wave-packet am-

plitude than the A0 wave, which follows directly from the excitability characteristics (see Fig. 4b). Very

good agreement between the semi-analytical and numerical responses can be observed. Slight discrep-

ancies in amplitudes can be related to differences in excitation signal and its application method, and to

the dynamics of the FE model, that are not present in the semi-analytical approach. Differences observed

after approximately 55µs are attributed to wave reflections in the FE model.

3.2 Wave tuning effect

Subsequently, the procedure was employed for varying transducer size (with excitation frequency kept

constant), in order to analyse the wave tuning effect. Rectangular shape of the transducer was assumed

with the same excitation signal as shown in Sec. 3.1. Figure 7 shows amplitude of the acquired wave-

packet as a function of the transducer size-to-wavelength ratio. The curve displays oscillatory character

with maxima corresponding with odd multiplicity of the half-wavelength. Minima correspond to even

multiplicity of half-wavelength. These observations are in agreement with theoretical studies shown

in [16, 17]. For the assumed excitation frequency and plate parameters the wavenumber corresponding

to the A0 mode was kA0
= 685 rad

m
, which corresponds to wavelength of 9.2 mm. Predictions from the

semi-analytical method (continuous line in Fig. 7) are compared to finite element simulations with

various transducer sizes (marked by circles in Fig. 7).
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Figure 7 : Result from wave tuning using proposed method na FE simulations

It can be seen that perfect agreement between the proposed approach and finite element calculations

is obtained, proving the accuracy of the method.

4. CONCLUSIONS

The proposed semi-analytical model utilises finite element interpolation and integration procedures and

analytical, or numerical, spectral characteristics of a medium, in order to compute time-dependent wave-

fields excited by arbitrarily-shaped transducers. Excitation signals in the time domain are transformed

into the frequency domain and the procedure is carried out for each frequency component. Spatial in-

tegration is performed through the Gauss integration procedure. The procedure is effective in terms

of calculation time and provides accurate results. It can be used for the design of arbitrarily shaped

transducers or for shape optimisation problems. When numerical spectral properties are considered,

analysis of simulation results in the context of numerical errors can be carried out. The main advantage

of the method, in contrast to the Huygens principle-based solutions, is in explicit analysis of continuous

traction excitation functions.



The model assumes linear shape functions for the distance function spatial distribution, r(x,y).
Hence, a conical spatial function is locally approximated by a shape function-driven surface, introduc-

ing errors. The second source of discrepancies of the proposed technique is due to the spatial integration

of trigonometric functions. Despite the shape functions accurately approximate spatial distribution of

the phase, the accuracy of the integration procedure is limited for trigonometric functions used in the

solution procedure. Both error types remain negligible for sufficiently small element sizes used for

transducer’s discretisation. Future works assume adaptation of spectral integration techniques to im-

prove accuracy and reduce computational cost.
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