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Abstract

In this paper we consider the identification of a single open crack in a simply-supported beam

under infinitesimal in-plane flexural vibration. The profile of the beam is assumed to be smooth

and symmetric with respect to the mid-point of the beam axis. The crack is modelled by a

rotational linearly elastic spring placed at the damaged cross section. It is shown that the

knowledge of the first two natural frequencies of the damaged beam are sufficient for the unique

identification of the position (up to symmetry) and the severity of the crack. A constructive

algorithm for solving the inverse diagnostic problem is presented.

1 INTRODUCTION

In this paper we consider the identification of a single open crack in a beam having non-
uniform smooth profile and undergoing infinitesimal in-plane flexural vibration. The crack is
modelled by inserting a rotational linearly elastic spring at the damaged cross section. We
establish sufficient conditions for the unique identification of the crack by a suitable pair of
natural frequency data and we present a constructive algorithm for determining the damage
parameters. Our results are established without any a priori assumption on the smallness of
the damage and for beams having non-uniform smooth profile. Previous results available in
literature mainly concern with uniform beams and small damage, see, among others contribu-
tions, [1, 2], or special classes of non-uniform beams, see, for example, [3] (piecewise-uniform
cantilevers) and [4-6] (piecewise-constant beams).

The reconstruction procedure is based on three main steps. Firstly, it is shown that the
eigenvalue problem for the cracked beam can be transformed in an equivalent eigenvalue prob-
lem for a beam carrying a point mass m at the cracked cross-section s. In the second step, we
study the λ-m and λ-s curves, that is, the functions λ=λ(s,·) and λ=λ(·,m) for fixed s and fixed
m, respectively, where λ is an eigenvalue. The behavior of the λ-m and λ-s curves is used in
the third step to develop a constructive algorithm for solving the inverse problem. The results
of numerical simulations and of applications of the method both to simulated and experimental
data agree well with the theory.
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The proposed diagnostic procedure is a non-trivial extension of the method adopted by us
in [7] in studying the analogous inverse problem of detecting a single open crack in a longitu-
dinally vibrating rod with variable profile from two natural frequencies. It can be shown that
the present problem has additional, significant difficulties that required the adoption of new
ideas and arguments. In particular, the main obstruction is related to the determination of the
stationarity points of the λ-s curves.

Finally, in order to simplify the presentation of the results, in the sequel we shall mainly
concerned with the analysis of the cracked beam under simply-supported end conditions and
with profile symmetric with respect to the mid-point of the beam axis. We refer to the recent
paper [8] for extensions to beams under different set of end conditions and for comprehensive
description of the main mathematical tools used in this work.

2 MAIN RESULT

Let us consider a straight thin simply supported beam with variable profile under bending
vibration. We assume that the beam has a single crack at the cross-section of abscissa zd,
with 0 < zd < L, where L is the length of the beam. The crack is assumed to remain open
during the vibration and it is modelled as a massless rotational linearly elastic spring with
stiffness K̂, see, for example, [9] for a justification of this localized flexibility model of crack
via Fracture Mechanics arguments. The free undamped bending vibrations of the beam with
radian frequency ω and spatial amplitude u = u(x) (x = z

L
, z ∈ [0, L]) are governed by the

following eigenvalue problem (written in dimensionless form)




(au′′)′′ − λρu = 0, in (0, s) ∪ (s, 1),

u(0) = u′′(0) = 0,

[[u(s)]] = [[(au′′)(s)]] = [[(au′′)′(s)]] = 0,

K[[u′(s)]] = a(s)u′′(s),

u(1) = u′′(1) = 0,

(1)

(2)

(3)

(4)

(5)

where s = zd
L

, s ∈ (0, 1), K = K̂L
EI0

, K ∈ (0,∞), λ = L4ω2

EI0
and I0 = CL4, with C > 0 a

suitable absolute constant. We use the notation [[u(s)]] = (limx→s+ u(x) − limx→s− u(x)) to
indicate the jump of the function u = u(x) at x = s. Here, E is the (constant) Young’s modulus
of the material, E > 0; ρ = ρ(x) is the linear mass density; a = a(x) is the (dimensionless)
second moment of area of the cross-section. We shall assume:

a(x) ≥ a0 > 0, ρ(x) ≥ ρ0 > 0, in [0, 1], (6)

a ∈ C2([0, 1]), ρ ∈ C2([0, 1]), (7)

a(x) = a(1− x), ρ(x) = ρ(1− x), x ∈ [0, 1], (8)

where a0, ρ0 are given positive constants. Under the above assumptions, there exists a numer-
able sequence of real, positive, simple eigenvalues {λn}

∞

n=1 of (1)–(5), with accumulation point
at +∞.

In order to study the inverse problem of detecting a single crack from a pair of natural
frequencies of (1)–(5), we found convenient reformulate (1)–(5) as an equivalent eigenvalue
problem. The equivalence is stated in the next proposition (see [8], Proposition 2.2).



Proposition 2.1

i) Let (λ, u) be an eigenpair of (1)–(5). Then λ is an eigenvalue of the problem




(bv′′)′′ − λrv = 0, in (0, s) ∪ (s, 1),

v(0) = v′′(0) = 0,

[[v(s)]] = [[v′(s)]] = [[(bv′′)(s)]] = 0,

[[(bv′′)′(s)]] = λmv(s),

v(1) = v′′(1) = 0,

(9)

(10)

(11)

(12)

(13)

where

v = −au′′ in (0, s) ∪ (s, 1), b = ρ−1 and r = a−1 in ∈ [0, 1], m = K−1. (14)

ii) Conversely, let (λ, v) be an eigenpair of (9)–(13). Then λ is an eigenvalue of the problem
(1)–(5) with

u = −bv′′ in (0, s) ∪ (s, 1), a = r−1 and ρ = b−1 in [0, 1], K = m−1. (15)

Problem (9)–(13) describes the free bending vibration of a beam simply supported at the ends,
with bending stiffness b and linear mass density r, carrying a point mass m at x = s. Note
that b(x) ≥ b0 > 0, r(x) ≥ r0 > 0, b ∈ C2([0, 1]), r ∈ C2([0, 1]), for some constants
b0, r0. Moreover, the functions b = b(x) and r = r(x) are even functions with respect to
the mid-point of the beam axis. Basing on the equivalence between the eigenvalue problems
(1)–(5) and (9)–(13), the original crack identification problem can be formulated as the inverse
problem of identifying the position s and the intensity m of the point mass from a suitable pair
of eigenvalues of (9)–(13).

Let (λn, vn(x; s,m)) be the nth eigenpair of (9)–(13). For every m, m ≥ 0, let us introduce
the function

f (n)
m : [0, 1] → R, f (n)

m (s) =

(
vn(x; s,m)

dvn(x; s,m)

dx

)
|x=s, n = 1, 2. (16)

In the sequel we shall consider cracked beams such that, for n = 1, 2 and for every m > 0 the
function

f (n)
m = f (n)

m (s) has a finite number of zeros in [0, 1], all of which are simple. (17)

We call (17) the Vanishing Condition for f (n)
m . It is possible to show that the Vanishing Condi-

tion (17) is in fact a property satisfied by the eigensolutions of the problem (9)–(13), provided
that the mass intensity m is small enough (see [8], Section 9). We can now state the main result
of this paper.

Theorem 2.2 Under the above assumptions, the measurement of the first two natural frequen-
cies of (9)–(13) allows for the unique determination of the intensity m and the location s of the
point mass, up to the symmetric position 1− s. The identification procedure is constructive.



3 A CONSTRUCTIVE IDENTIFICATION ALGORITHM

Let us introduce the eigenpairs (λU
n , v

U
n ) of the unperturbed (or undamaged) beam, that is,

the eigenpairs of the problem (9)–(13) obtained by taking either m = 0 or {s = 0, s = 1}:




(bvU
′′

)′′ − λUrvU = 0, x ∈ (0, 1),

vU(0) = vU
′′

(0) = 0,

vU(1) = vU
′′

(1) = 0.

(18)

(19)

(20)

The dependence of λn on the parameter m, for a given position s of the point mass, is consid-
ered in the next proposition.

Proposition 3.1 Let (λn, vn), (λU
n , v

U
n ) be the nth eigenpair of the problem (9)–(13), (18)–(20),

respectively, n = 1, 2.

i) If vUn (s0) = 0 for some s0 ∈ [0, 1], then λn(s0,m) = λU
n for every finite positive m.

ii) If vUn (s0) ̸= 0 for some s0 ∈ (0, 1), then λn = λn(s0,m) is a monotonically decreasing
function of m in [0,∞).

As a consequence of the symmetry of the coefficients b and r we have

λn(s) = λn(1− s) s ∈ [0, 1],
∂λn

∂s
(s) = 0 for s ∈ {0, 1, 1/2}. (21)

A key result in our analysis is the following property of the λn–s curves, for n = 1, 2. It is
exactly at this point that we make use of the Vanishing Condition (17).

Proposition 3.2 Let (λn, vn), n = 1, 2, be the nth eigenpair of (9)–(13). Assume that the
Vanishing Condition (17) is satisfied. Then, for a given m, m > 0, we have:

i) λ1 = λ1(s) is a strictly decreasing function in (0, 1/2);

ii) there exists a unique s̃ ∈ (0, 1/2) such that ∂λ2

∂s
(s̃) = 0, that is λ2 = λ2(s) is a strictly

decreasing function and a strictly increasing function in (0, s̃) and in (s̃, 1/2), respectively.

We are now in position to proof our main result. Let s ∈ (0, 1) and m ∈ (0,∞). Avoiding
trivial cases, input data {λ1, λ2} are chosen such that

0 < λ1 < λU
1 , λU

1 ≤ λ2 ≤ λU
2 . (22)

If λ2 = λU
2 , then, by Proposition 3.1 and by symmetry, the point mass is located at s = 1/2.

By Proposition 3.1, λ1 = λ1(1/2,m) is a monotonically decreasing function of m and one can
uniquely determine m by solving the equation λ1 = λ1(1/2,m).

In the remaining of this section we shall consider the non-trivial condition λ2 < λU
2 and,

by symmetry hypothesis, we shall assume s ∈ (0, 1/2). Basing on the properties of the λ-m
and λ-s curves, it can be shown that the algorithm developed in [7] for the identification of a
point mass in a longitudinally vibrating rod can be adapted to the present case. Therefore, in
the sequel we shall simply show the main steps of the identification procedure, referring to the
above mentioned paper for details on the convergence of the method to the actual solution.

We first determine the values m−

1 , m−

2 of the parameter m such that

λ1 = λ1(1/2,m
−

1 ), λ2 = λ2

(
s2min,m

−

2

)
, (23)



where s2min ∈ (0, 1/2) is the unique point such that ∂λ2(s,m
−

2
)

∂s
|s=s2min

= 0 (see Proposition 3.2,
point ii)). Note that m−

1 ̸= m−

2 and

max{m−

1 ,m
−

2 } < m. (24)

Next, we distinguish two main cases.
CASE 1. If

max{m−

1 ,m
−

2 } = m−

1 , (25)

then we determine the curve y = λ2(s,m
−

1 ) in [0, 1], see Figure 1.

Figure 1: The λ–curves identification algorithm based on first two resonant frequencies: first case.

Let us consider the curves y = λ2(s,M) for M > m−

1 , M not too large. Let us denote by
P2r(M) the intersection point between y = λ2(s,M) and y = λ2, with the abscissa s(P2r(M))
such that s(P2r(M)) > s2min. Moreover, let us denote by P1(M) the unique intersection point
between y = λ1(s,M) and y = λ1, with s(P1(M)) < 1/2. Then, basing on Proposition 3.1
and Proposition 3.2, it can be proved that there exists a unique value of M, say M̃, such that
s(P2r(M̃)) = s(P1(M̃)). The value M̃ is the intensity of the mass m and s = s(P1(M̃)) is
its position.

CASE 2. If
max{m−

1 ,m
−

2 } = m−

2 , (26)

we determine the curve y = λ1(s,m
−

2 ), denoting by P1(m
−

2 ) the unique intersection point
between y = λ1(s,m

−

2 ) and y = λ1, with abscissa s1 = s(P1(m
−

2 )) ∈ (0, 1/2). At this stage,
we distinguish two additional subcases.

CASE 2. - a): Assume that
s2min ≤ s1. (27)

If s2min = s1, then the problem is solved. If s2min < s1, we can repeat the procedure used in
CASE 1, and the inverse problem has a unique solution, see Figure 2.



Figure 2: The λ–curves identification algorithm based on first two resonant frequencies: second case,
subcase a).

CASE 2. - b): If
s2min > s1, (28)

then there exists m∗ > m−

2 such that the intersection point P2l(m
∗) between y = λ2(s,m

∗)
and y = λ2 satisfies s(P2l(m

∗)) < s(P1(m
−

2 )), where P1(m
−

2 ) is the unique intersection point
between y = λ1(s,m

−

2 ) and y = λ1, see Figure 3. By decreasing the mass value from m∗ to
m−

2 , there exists a unique value, say M̃, such that s(P2l(M̃)) = s(P1(M̃)), and the identified
parameters are m = M̃ and s = s(P1(M̃)).

4 APPLICATIONS

The identification method has been tested on an extensive series of numerical simulations on
beams having different profile and with various positions and severities of the point mass. A
selected, but representative, set of numerical results is presented and commented in this section.
Referring to [8] for more details on the implementation of the reconstruction algorithm, here
we recall that the beam interval [0, 1] has been divided into 200 equally spaced finite elements
and the mass location was chosen to coincide with one node of the mesh. Classical Hermitian
cubic shape functions were adopted to approximate the transversal displacement of the beam
axis. The reconstruction algorithm was implemented on a computer with Intel(R) Core (TM) i3
2.53 GHz processor and 4 GB of RAM. The whole procedure was built in Matlab environment.
We present a series of results for a beam with bending stiffness and linear mass density given
by

aS(x) = (0.8− 0.2 sin(3πx))3, ρS(x) = 0.8− 0.2 sin(3πx), x ∈ [0, 1]. (29)

Table 1 collects the results of identification for various locations and intensities of the point
mass. Specifically, ten equally spaced positions along the half-span and four intensities were



Figure 3: The λ–curves identification algorithm based on first two resonant frequencies: second case,
subcase b).

considered. The values chosen for m are associated to crack depth that may occur in prac-
tical situations. For instance, the considered values for m (from 0.01 to 0.50) correspond to
percentage crack depth between 0.10 to 0.56 for a single transversal crack in a beam having
rectangular cross-section and width-to-length ratio equal to 0.10.

It can be seen that the agreement between identified and actual values of the damage pa-
rameters is good. Generally speaking, some discrepancy emerged for cracks located near the
end of the beam, which is known to be a point of vanishing sensitivity to damage for the natural
frequencies of a simply supported beam. Moreover, errors are larger in case of small cracks
(e.g., small values of m) and they decrease as m increase. The typical computing time for each
identification ranges from 30 − 100 s to 300 − 2200 s in case of m = 0.01 and m = 0.50,
respectively, suggesting that the computation burden is larger in case of more severe levels of
damage.

We conclude this section with some remarks about the uniqueness of the solution of the
identification problem. As an example, Figures 4 and 5 consider the beam defined in (29) with
damage parameters (s = 0.38, m = 0.01) and (s = 0.28, m = 0.5), respectively. We plot in
Figure 4 the difference ∆s = s1(P1) − s2l(P2l) between the abscissa of the point P1 and the
abscissa of the point P2l shown in Figure 1 for Case 1. It can be seen that, by increasing m,
the point P1 remains always to the right of the point P2l, and therefore there exists a unique
solution to the inverse problem with s ∈

(
s2min,

1
2

)
. Similarly, Figure 5 deals with Case 2a

and shows the difference ∆s between the abscissa of the point P1 in Figure 2 and the abscissa
of the point P2l placed to the left of P2min and given by the intersection between the graphs
λ2 = λ2(s,m) and λ2 = λ2. By increasing the mass intensity m, both the points P2l and P1

in Figure 2 move to the left and, as in the previous case, it can be numerically shown that the
point P1 always remains to the right of P2l. This property implies the uniqueness of the damage
identification problem.



m=0.01 m=0.05 m=0.20 m=0.50
s em es Case em es Case em es Case em es Case

0.03 -8.90 4.63 2b -0.05 0.03 2b -3.09 1.51 2b -1.77 0.85 2b
0.08 1.77 -0.98 2b 0.14 -0.08 2b -0.11 0.06 2b 0.01 -0.01 2b
0.13 0.04 -0.02 2b -0.01 0.01 2b 0.00 0.00 2b 0.00 0.00 2b
0.18 0.07 -0.06 2b 0.02 -0.02 2b 0.00 0.00 2b 0.00 0.00 2b
0.23 0.03 -0.07 2b 0.01 -0.02 2b 0.00 -0.01 2b 0.00 -0.01 2b
0.28 0.02 0.04 2a 0.00 0.01 2a 0.00 0.00 2a 0.00 0.00 2a
0.33 0.07 0.03 2a 0.01 0.01 2a 0.00 0.00 2a 0.00 0.00 1
0.38 0.04 0.01 1 0.01 0.00 1 0.00 0.00 1 0.00 0.00 1
0.43 0.03 0.00 1 0.01 0.00 1 0.00 0.00 1 0.00 0.00 1
0.48 0.05 0.00 1 0.00 0.00 1 0.00 0.00 1 0.00 0.00 1

Table 1: Identification of the mass intensity m and position s in a simply-supported non-uniform beam
with the sinusoidal profile given in (29), by the first two natural frequencies. Percentage errors: em =
100× (mest −m)/m, es = 100× (sest − s)/s.

Figure 4: Graph of the difference ∆s = s1(P1) − s2l(P2l) versus m for the beam defined in (29) with
(s = 0.38, m = 0.01). Case 1 of the identification algorithm.

5 CONCLUSIONS

In this paper we have presented a constructive algorithm for the identification of a single
open crack in a simply supported beam having smooth variable profile. The crack is modelled
by a massless rotational linearly elastic spring located at the damaged cross-section. We have
shown that the crack is uniquely determined, up to a symmetric position, by the measurement
of the first two resonant frequencies of the beam. The result is proved for beams with profile
symmetric with respect to the mid-point of the beam axis, and has been derived without any
assumption on the smallness of the crack severity. The methodology used for the proof leads
to a constructive damage identification algorithm, and it is based on a careful analysis of the
eigenvalues as functions of the damage position and damage intensity. Numerical results are in
agreement with the theory when exact analytical data are employed in identification.



Figure 5: Graph of the difference ∆s = s1(P1) − s2l(P2l) versus m for the beam defined in (29) with
(s = 0.28, m = 0.5). Case 2, subcase a) of the identification algorithm.
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