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Abstract 
Damage detection and assessment by using Higher Order Statistic Analysis  has proved 
several times to be doable and particularly reliable; indeed, Fourier transform of 
displacements’ third-order cumulants, also known as Bispectrum, has the advantage of being 
able to detect non-linearity in the dynamic response of the structural element, while being 
insensitive to ambient vibrations and Gaussian noise. Thus, asymmetry in the statistic 
distribution may be easily spotted and related to the damaged conditions, as the majority of 
common faults, e.g. fatigue cracks, shows bilinear effects. 
In this study, firstly a novel approach to damage localisation, resorting to Neural Networks 
fed with bispectral data, is presented. Afterwards, NNs’ parameters and architecture, as well 
as several different selections of input data, are investigated in order to maximise its forecast 
abilities. To validate the introduced approach, a simple finite element model of a 4-meters-
long cantilever beam has been built and data have been generated via FE nonlinear analyses 
performed on it. This model is intended to be a first concept, as generic as possible, of 
various beam-like structural elements. 
 
1 INTRODUCTION 

The main idea for this study is to train a Neural Network (NN) using features extracted 
from High Order Statistic Analysis (HOSA) applied to numerically simulated displacements, 
changing selected input data and NN parameters in order to find the optimal combination. 
Indeed, Structural Health Monitoring (SHM) using non-destructive and low-cost techniques 
has become a central topic in several fields of engineering research. Development of efficient 
and global approaches is an issue of great importance nowadays, as their optimisation, in 
order to achieve a consistently good monitoring as fast as possible and with a minimal 
computational effort.  

Also, Machine Learning methods, especially Neural Networks, are currently widespread 
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for multi-label classification and can be trained in order to classify different location or 
damage types, when proper input data are provided. Bispectral data result to be particularly 
suited for the aim. Being a modal-based approach, they allow a fast, cheap and simple 
confrontation between the dynamic response of the undamaged structure and the actual non-
linear behaviour of the fissured one. This kind of analyses can be performed at any given 
moment, and their robustness and dependability have been proved for damage detection [1], 
[2]. 

Bispectra have been chosen for this application also because of their capacity to carry 
information independently from external conditions, environmental white Gaussian noise and 
other disturbances that could affect the processed signals [3][4]. In fact, it is known that the 
opening and closing of a “breathing” crack under forced oscillations is ensued by the 
establishment of the so-called super-harmonics. However, these indices of nonlinearity 
cannot always be spotted without difficulty, since most of the time their presence is masked 
precisely by signal noise. Also, modelling the non-linear behaviour due to crack presence is 
yet a great challenge for researchers, and several different attempts have been tested in 
literature [5]. For this purpose, a three-dimensional solid model with contact elements was 
implemented by the authors, in order to recreate the crack geometry in a realistic and 
convincing way.  

Preliminary numerical validation of the proposed novel technique is presented hereafter. 
The obtained matrices of data – i.e., pixels – are compared while the crack position is 
switched in different locations. Properly trained machines proved to be able to match them 
with the correct output label in most of the cases. As said, several options – obtained by 
varying NN’s architecture, parameters and input data – have been investigated, in order to 
find the most fitted combination of these elements and to improve accuracy and reliability of 
the tool. The simulations were carried out on a 4-meters-long cracked cantilever beam FE 
model. 

White-noise excitations were applied close to the free-end of the cantilever beam (so-
defined end node), in order to compute these displacements numerically. This kind of driving 
force is supposed to amplify the detectability of changes in the bispectrum.  

From here onward, the paper is organised as follows: in Section 2 the application of 
Higher-Order Spectral Analysis to Machine Learning is briefly discussed; in Section 3 the 
Finite Element model is described, with particular attention to the modelling of the crack; in 
Section 4 comparison between obtained bispectra is shown and differences are examined and 
pointed out; in Section 5 the several neural networks (NNs) trained with the bispectra are 
presented and applied; finally in Section 6 the identified results of damage localisation are 
interpreted and conclusions about them are enlisted, explaining which NN parameters seemed 
to be more sensitive to crack location.  

2 HIGHER ORDER STATISTIC FOR MACHINE LEARNING 

Basic principle and fundament of this work is that a crack behaves nonlinearly under an 
applied driving force. Indeed, bispectrum is expected to return non-null values whenever any 
sort of nonlinear interaction comes out of the analysed signal. This is due to its own 
definition, as it is best known in the frequency-domain:  

        *
1 2 1 2 1 2,B f f X f X f X f f 

      (1) 
 

Where B stands for the bispectrum (evaluated at the two variable of integrations f1 and f2 in 
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phase domain), X(f) for the Fourier transform of a generic process x(t) and the asterisk (*) 
denotes complex conjugation. It was defined in this way for the first time by Kim and Powers 
[6] for signal processing in the field of wave-wave interaction. More details can be found in 
the works of Fackrell et al. and Collis [7] [8]. Once these higher-order spectra have been 
plotted on the f1 – f2 plane, it becomes easy to exploit the phase information (Figure 1). 
 

 
Figure 1. Example of obtained bispectrum  

(damaged at 1 meter from fixed clamped end location with 1-mm-thick crack). 
 
 
It is possible to spot the quadratic phase coupling (QPC), defined as the coupling of 

frequency components within a signal, in correspondence of the six outstanding summits. 
Their amplitude is directly linked to the level of coupling and then to the amount of non-
symmetry of the statistical distribution. Also, it can be noticed that three axes of symmetry, 
which divide the transform in six zones, define the domain. This is due to the fact that FFTs 
are specular to the axis passing through zero. By doing so, X(f1) is symmetric respect to the y-
axis, while X(f2) is symmetric to the x-axis. 
Since information is composed by complex numbers, each bin of the bispectrum may be seen 
under different lights using the properties of complex analysis: that is to say, real and 
imaginary part or magnitude and phase components. These information cannot be accessed 
all at once. Because of that, firstly real and absolute values were considered on their own, 
since a preliminary study found that they are generally capable of outperforming imaginary 
and phase data. Afterwards, imaginary and real parts were coupled in order to investigate 
their possible capability when combined.  

Also, in order to test the expected insensitivity to uncorrelated random noise of bispectral 
data, three different Signal-to-Noise Ratios were adopted: SNR equals to 20, 50 and 100. 
These randomly generated noises were added to the numerically-computed displacements in 
order to better simulate real-life experiments. Ideally, all Gaussian distributions will have null 
asymmetry, so they are assumed to have no effects bispectrum.  Nevertheless, since bispectra 
are estimated with a finite number of data, Gaussian noise may the same affect the analysis 
performance somehow.  

Finally, it is important to say that the amount of data to be feed-forwarded into the NN can 
be further reduced, in order to speed up the process and to reduce the computational effort 
needed.  In fact, not the whole bispectrum contains unique information. Third-order moments 
have six symmetry regions, corresponding roughly to the six peaks (Figure 2.a), and a region 
of integration [9] which is hexagonal-shaped and centred around the origin of the plot. 
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Moreover, only half of the domain of the transform is meaningful. This is due to the presence 
of the third component X*(f1 + f2) – that is the one dealing with the non-linear phase coupling 
in the response – and to the limits of the Nyquist criterion. Particularly, three different 
selections were tested, as it is shown in Figure 2: a 128-by-128 selection on upper right 
quadrant (Figure 2.b); a 150-by-150 squared centred selection (Figure 2.c); and a hexagonal 
centred selection (Figure 2.d). All of them included significantly less data than the whole 
512-by-512 bispectrum: respectively, 16384, 22500 and 65536 elements, instead of 262144. 

 

  

(a) (b) 

  

(c) (d) 
Figure 2. (a) symmetry regions of third-order moment (b) selection on upper right quadrant (128-by-128 
elements)  (c) selection centred on the whole bispectrum (150-by-150 elements) (d) hexagonal selection 

centred on the whole bispectrum (full-domain). 
N.B. only information inside the Nyquist Criterion limits (|f1+f2 |≤50 Hz) are trustable. 

  

It should be remarked that the case proposed in Figure 2.b can be related to what was 
attempted for damage classification by Xiang & Tso, 2002 [10], since they considered only 
1/6th of the whole bispectrum, the minimum part of it that carries all the information without 
redundancy.  However, here the authors decided to test also the various other possibilities 
aforementioned. All the investigated cases, considering the selection window, the number of 
iterations, the number of neurons in the hidden layers and, last but not least, the type of 
component data for the bispectrum (modulus, real part or the combination of real and 
imaginary components) are enlisted and displayed in Table 1. 
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 128-by-128 selection on 

upper right quadrant  
150-by-150 squared 

centred selection 
Hexagonal centred 

selection 
SNR = 100 

Real Part (Re) (1) 10-neurons-per-
hidden-layer (only 
5000 iterations) 

(2) 20-neurons-per-
hidden-layer  

(3) 10-neurons-per-
hidden-layer  

 

(4) 10-neurons-
per-hidden-
layer  

 

Magnitude (Abs) (5) 10-neurons-per-
hidden-layer (only 
5000 iterations) 

(6) 10-neurons-per-
hidden-layer  
(25000 iterations 
as usual) 

(7)  20-neurons-per-
hidden-layer 

(8) 10-neurons-per-
hidden-layer 
(only 5000 
iterations) 

(9) 10-neurons-per-
hidden-layer 
(25000 
iterations as 
usual) 

(10)  10-neurons-
per-hidden-
layer  

 

Real+Imaginary parts 
(Re+Im) 

(11)  10-neurons-per-
hidden-layer  

(12) 10-neurons-per-
hidden-layer  

(13) 10-neurons-
per-hidden-
layer 

SNR = 50 
Real Part (Re) (14) 10-neurons-per-

hidden-layer  
(15) 10-neurons-per-

hidden-layer 
(16) 10-neurons-

per-hidden-
layer  

Magnitude (Abs) (17) 10-neurons-per-
hidden-layer   

(18) 10-neurons-per-
hidden-layer 

(19)  10-neurons-
per-hidden-
layer  

SNR = 20 
Real Part (Re) (20) 10-neurons-per-

hidden-layer  
(21) 10-neurons-per-

hidden-layer 
(22) 10-neurons-per-

hidden-layer  
Magnitude (Abs) (23) 10-neurons-per-

hidden-layer   
(24) 10-neurons-per-

hidden-layer 
(25) 10-neurons-per-

hidden-layer  

Table 1: Summary of performed trainings and investigated combinations. 

3 FE NON-LINEAR CRACK MODELLING 

ANSYS Mechanical APDL® has been used to model the cantilever beam with a single 
through crack, as shown in Figure 3.a. The cross-section is defined as a 0.2 x 0.2 meters 
square, while the length is fixed as 4 meters. The coordinate reference system is centred at 
the geometric barycentre of the clamped end and has the z-axis coincident with beam main 
direction, while the x- and y-axes are parallel to the cross-section sides. Material is assumed 
to be isotropic, with Young’s Modulus E = 30 GPa, Poisson’s Ratio ν =0.18 and material 
density ρ = 2300 kg/m3. Driving forces were applied to the so-called end node at z = 3.87 m 
(that is to say, by assuming a shaker applied at 13 cm from the free end). Then crack position 
has been varied into nine different positions along z-axis, all of them spaced of 40 cm from 
each other (Figure 3.b). 

Crack modelling represented the most important and delicate task. “Breathing” or 
“opening” crack is broadly considered to be a very good approximation of fatigue faults in 
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beam-like structures [11]. This is particularly sensitive to vibration diagnostic and distortions 
of vibrations recorded around super-harmonic resonances have been used extensively 
thenceforth for detecting crack presence [12] [13] [14]. For this aim, SOLID185 elements (8-
noded prismatic solids) have been utilised elsewhere along the beam main axis, while contact 
elements CONTA 174 and TARGET 170 have been implemented for the cracked cross-
section. 

For the contact behaviour, default options of ANSYS were left untouched: isotropic 
Coulomb friction, augmented Lagrangian contact algorithm, contact detection point at Gauss 
nodes and bonded behaviour. Crack thickness is negligible, because the two surfaces 
representing the crack are initially set in full contact for the dynamic analysis. This 
assumption has been previously proved to be proper in literature [15]. The crack extension 
spanned over half of the total cross-section area. 

 
 

 
(a) 

 
(b) 

Figure 3. FE model. (a) geometry and the two measurements position on the sample cantilever beam 
(section 0.2 by 0.2 m). 

(b) The nine crack locations. The extension of the cracks was supposed to be half the width of the beam. 

4 COMPARISON BETWEEN INVESTIGATED BISPECTRA 

Resulting bispectra were computed according to three time-dependent driving forces F(t), 
defined as White Gaussian Noises (WGN) and numbered orderly WGN1, WGN2 and 
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WGN3. All of these have a duration of 100 seconds, a sampling frequency of 100 Hz and a 
variance of the amplitude of ±5 kN. This was intended to excite all natural frequencies in the 
range of interest at once. For each one of these, the dynamic response was computed for both 
the fixed end and the free end channels, respectively at 0.25 and 3.87 meters from the fixed 
end. However, bispectra computed at fixed end channel proved to be particularly insensitive 
to the damage location.  For this reason, it was chosen to focus only on the displacements 
recorded at the free end location. This is probably due to the fact that the displacement on a 
cross-section so close to the clamped end are simply too small to lead to useful feature 
extraction. 

As mentioned before, different signal to noise ratios were applied to the displacements so 
computed (SNR = 100 and 50), each one hundred times. This means that, for each 
combination reported in Table 1, from the original 27 cases (three per each crack location), 
2700 noise-affected, slightly different signals were elaborated. Out of these, 1800 were used 
as training set and 900 for cross-validation. 

For the purpose of this study, Rayleigh damping coefficients were computed using the 
first two bending frequencies and assuming for both modes a viscous damping coefficient of 
the 5%; this resulted in the two values α=3.82 and β=0.000313. 

At  a first glance, it is possible to spot the differences caused by the variation of the 
cracked section for both the real components (Figures 4.a, 4.b and 4.c). Undamaged response 
is also shown in order to be compared (Figures 4.d). All the simulations were performed on 
the Cranfield University’s High Performance Computing (HPC) systems named “Grid” and 
“Astral”. By using two Linux clusters with 4 and 16 computing nodes respectively, the 
computing procedures have been parallelised.  

 

  
(a) (b) 
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(c) (d) 

Figure 4. Real part of bispectral elements computed at free end channel, SOLID185 model, input WGN1. 
(a) location 1 (0.40 m from clamped end) (b) location 5 (2.00 m) (c) location 9 (3.60 m) (d) undamaged. 

Contours are highlighted. 

5 NEURAL NETWORKS’ ARCHITECTURE FOR DAMAGE LOCALISATION 

The architecture chosen for the NN was set up with one input layer, two hidden layers and 
a final (output) layer. Obviously, the size of the input and of the output layers were set equal, 
respectively, to the number of training data and to the number of possible labels – i.e., 1800 
and 9 nodes. Regarding the hidden layers, since the amount of nodes inside was arbitrary, 
two cases have been tested: one with 10 and one with 20 neurons, plus one bias unity for both 
occurrences. In all cases, training procedure was carried out by minimising the following 
regularised cost function (2):  
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  (2) 

 
Where m is the number of training examples, K is number of final output (9 zones of 

classification), N is the number of layers, Si and So are the input and output number of 

neurons for each regularisation layer. Moreover,  i
ky  and    i

k
h x  are the expected and 

predicted output for the specific case i, k. 
Regarding the value of the regularisation factor λ, as it appears in Eq. (2), it cannot be 

known a priori and it is strongly influenced by the cost function and the NN architecture. For 
this reason, several optimisations using the data generated at the free end channel were 
performed for each one of the cases of Table 1, thus allowing the maximisation of the 
predictive capabilities of the NN. This parameter λ was studied in a logarithmic sub-space, 
divided in 30 steps in the range from 0.01 to 10. For all cases, both a “rough” accuracy – 
computed simply as the percentage of cases for which prediction was correct – and a 
“weighted” accuracy, smoothed in a more continuous version, have been computed. Having 
just nine locations, “weighted” accuracy proved to be more reliable rather than “rough” 
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accuracy, which instead appeared to be excessively sensitive. 

6 DISCUSSION AND CONCLUSIONS 

The core of this research can be summed up into two consequent goals. The first and main 
one was to prove the suitability of bispectra as a mean for damage localisation, being the 
bicoherence, which is its normalised expression, known to be capable to perform damage 
detection. Second purpose was to tune this procedure by optimising NN’s parameters 
(regularisation factor λ, number of iterations), architecture (size of the hidden layers) and 
input data (both considering one aspect out of real, imaginary, absolute and phase 
components, or a combination of them, and changing the selection of pixels considered). The 
training data set was built using simulated data obtained from FE models excited by 
randomly generated driving forces.  

The bispectral analysis proved to be a valid technique for damage localisation, since by 
using state-of-the-art technologies for multi-level classification, variations of crack position 
were spotted six times – out of nine – for case (1), with a weighted accuracy equal to 86.11%. 
All the cases with real or absolute values exceeded 70% when SNR is equal to 100, and 
proved to be the same reliable with data affected by slightly higher levels of noise, even if 
this feature complicate considerably the optimisation process. However, 150-by-150 
selection of real data with SNR = 50 (case (21)) had a maximum weighted accuracy higher 
than 80% and maintained a quasi-constant value of 70% for s ranging from 0.01 to 5.12. 
Another issue is that noisier data show a more smooth transition from a class to the others, 
while SNR = 100 input data have a more marked distinction between different locations. This 
involves that in some instances, uncommonly but not extremely rare in cases (14) to (21), out 
of the 100 training data generated from the same input driving force for the same crack 
location, some of them have been localised correctly and some others not, with a small error. 
This NN slight imprecision does not appeared in cases (1) to (13), were all the training data 
generated from the same settings were allocated – wrongly or correctly – to the same label.  

Having established a link between the bispectrum properties and the damage localisation, 
the authors moved forward to the second part of this research. Thus, by training a substantial 
set of different NNs, the following conclusions have been reached:  

(1) Considering the whole bispectrum is redundant and not efficient; the 128-by-128 
selection on upper right quadrant demonstrated to be both the fastest to be trained 
with and the one able to perform the most accurate output. 

(2) Noise effects on the system reliability are relevant especially for NN training. By 
decreasing the signal-to-noise ratio from 100 to 50 and again from 50 to 20, 
minimisation of the cost function tends to become intricate and in danger to end 
stuck on local, and not global, minima. In particular, SNR = 20 seems to be too 
much troubled to be exploited even by applying bispectral analysis. 

(3) Taking into account the various components of the complex data separately, real part 
proved to be the most sensitive feature among all, and magnitude to be the second 
best option. Apparently, seems like absolute values can meet the same predictive 
capacity of real data if a more complex NN is trained intensively with them (i.e., 
increasing the number of nodes per hidden layer from 10 to 20 and the amount of 
iterations from 5000 to 25000). 

(4) Combining real and imaginary parts, results become more stables, but the overall 
performance is similar to use the only real part of the bispectrum. 

(5) The smaller NN version outperformed the 20-neurons-per-hidden-layer one most of 
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the times; In fact, doubling the amount of nodes per hidden layer increased heavily 
the computational effort needed, whilst not improving the predictability reached if 
real values are used. 

(6) For the NN with two hidden layer composed by 10 nodes each, an acceptable level of 
cross-validation accuracy may be reached in a few thousands iterations.  
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