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Abstract 
For the evaluation of the second harmonic Lamb wave generation in composite structures 
numerical simulations are essential. So far the nonlinear elastic theory by Murnaghan is 
used which requires the definition of 14 material parameters, where 5 parameters represent 
the linear behavior and 9 parameters are used to model the nonlinear behavior. However, 
the determination of these nonlinear material parameters is very complex. Therefore, a new 
nonlinear hyperelastic material model is introduced, which describes the nonlinear behavior 
by 1 additional material parameter instead of 9. For this material model the symmetry 
properties of the gradient of the displacement field are analyzed with respect to the center 
line of the wave guide, to evaluate the power flux condition for generation of a secondary 
wave field analytically. It is shown that the presented material model has the same symmetry 
properties as the nonlinear elastic theory by Murnaghan. Hence, this material model can be 
used to simulate the second harmonic Lamb wave generation in composite structures, which 
shows a cumulative behavior if the phase velocities match. This is proven by a numerical 
simulation of the S0-S0 mode pair in a unidirectional composite using the presented material 
model. 

Keywords: Second harmonic mode generation, nonlinear hyperelastic materials, 
unidirectional composite  
 
1. INTRODUCTION 

The nonlinear wave propagation based on the cumulative second harmonic generation is an 
adequate technique to detect even micro-structural damage in isotropic [1,2] as well as 
composite structures [3,4]. However, usually the amplitude of the second harmonic mode is 
very small and therefore, hard to detect. To guarantee an appropriate extraction of amplitude 
of the second harmonic mode certain conditions need to be satisfied that ensure a cumulative 
effect. This effect leads to a linear increasing of the second harmonic amplitude with the 
propagation distance [5-7]. 

To analyze the full potential of this technique and to validate experimentally obtained results 
numerical simulations are essential. However, so far the generation and propagation of 
second harmonic waves are simulated by use of the nonlinear elastic theory by Murnaghan 
[8], which requires the determination of 14 material parameters for transversely-isotropic 
material [9]. Other well known hyperelastic transversely-isotropic materials models like the 
Holzapfel-Gasser-Ogden model for tissues [10,11] are not appropriate for the simulation of 
fiber reinforced plastic due to the use of the modified invariants [12]. 

In [13] a nonlinear hyperelastic material model is presented for the nonlinear modeling of 
transversely isotropic materials. In this paper the applicability of this material model to the 
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numerical simulation of the cumulative second harmonic Lamb wave generation is 
investigated. Therefore, first the power flux condition for the second harmonic mode 
generation is analyzed analytically analogously to [14-15] for the nonlinear elastic theory. 
Afterwards a numerical simulation is carried out to prove the analytic results and therefore, 
the applicability of the used material model for the simulation of the nonlinear wave 
propagation. 

2. THEROETICAL BACKGROUND 

2.1 Continuum mechanics  

The deformation of a body can be described by the right Cauchy-Green deformation tensor 
defined as 

  (1) 

where  is the deformation gradient, which can be expressed in terms of the displacement 
field u and the displacement gradient H by 

  (2) 

Here  is the second order identity tensor. A given deformation causes a stress state in the 
body that can be described by different stress measures. In the presented analysis of the 
power flux condition the first and second Piola-Kirchhoff stress tensors  and  are used. 
They are related to the deformation of a body via constitutive equations, which describes the 
material behavior. Hyperelastic material models are widely used in finite strain elasticity. 
These material models are characterized by the existence of a strain energy function  as a 
potential of the stresses. For transversely isotropic material five strain invariants exist, which 
are given by [16] 

  (3) 

the three invariants for isotropic material model, and [17] 

  (4) 

so called pseudo invariants, representing the dependence of the fiber direction  in a 
transversely isotropic layer. 

Based on the potential  the second Piola-Kirchhoff stress tensor  is calculated as  

  (5) 

The transformation of the second Piola-Kirchhoff stress tensor  to the first Piola-Kirchhoff 
stress tensors  is achieved by 

 . (6) 

A linear description of transversely isotropic material is introduced in [18]. The hyperelastic 
potential reads in terms of the presented invariants 

  (7) 



3 
 

To consider the compressibility character of the matrix material in a carbon fiber composite 
an additional term is required by which the constitutive relation becomes furthermore 
nonlinear. The extended potential is than given by [19] 

  (8) 

where J is the determinant of the deformation gradient and K the bulk modulus. The 
presented potential describes compressible nonlinear transversely isotropic material behavior. 
Using (5) to calculate the second Piola-Kirchhoff stress tensor leads to 

  (9) 

2.2 Nonlinear wave propagation 

The nonlinear propagation of Lamb waves in thin walled structures is characterized by the 
generation of second harmonic modes due to material or geometrical nonlinearities. Using 
the first Piola-Kirchhoff stress tensor the stress state of the wave guide can be divided in a 
linear and a nonlinear part with respect to the gradient of the displacement field 

  (10) 

Furthermore the displacement field is given by 

  (11) 

where  holds. Here,  represents the primary excited and  the secondary wave 
field describing the second harmonic modes. Based on this approach for the displacement 
field and the first Piola-Kirchhoff stress tensor the wave propagation is given by the 
following boundary value problem [5,20] 

  (12) 

for the primary and 

  (13) 

for the secondary wave field. For isotropic materials the solution of the primary wave field 
leads to the Rayleigh-Lamb equations. The solution of the secondary wave field can be 
obtained by using the reciprocity relation and the normal mode expansion technique. The 
result is a differential equation for the amplitude of the second harmonic mode [5,20] 

  (14) 
with 
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  (15) 

Here,  is the power flux from the m-th to the n-th mode resulting from the reciprocity 
relation and . Furthermore,  and  are the power flux over the surface and 
through the volume. The amplitude of the second harmonic mode is than given by [5,20] 

  (16) 

It can be concluded that for phase velocity matching of the primary wave mode and the 
second harmonic wave mode, the amplitude of the second harmonic mode grows linearly 
with the propagation distance, otherwise it oscillates. Furthermore the existence of a second 
harmonic mode requires  and . Based on the orthogonality condition 
there is only one mode  to a mode  for that  and hence  holds. 
Possible mode pairs leading to a cumulative effect are for example S1-S2 and S2-S4 [15]. 
Furthermore, in some researches the S0-S0 mode pair is used [21]. However, this mode pair 
does not satisfy the phase matching condition and therefore, shows oscillating behavior. This 
oscillation is described by a spatial periodicity 

  (17) 

sometimes referred to as dispersion length [5,22]. Based on this definition a quasi cumulative 
propagation distance is used. 

3. EVALUATION OF THE POWER FLUX CONDITION  

In order to analyze the power flux condition for a certain material model  and  are 
evaluated. Therefore, first the required nonlinear part of the first Piola-Kirchhoff stress tensor 
and its divergence are formulated with respect to the gradient of the displacement field, see 
(13). Afterwards the symmetry property of each tensor element with respect to the center line 
of the wave guide is indicated by  for antisymmetric and  for symmetric behavior. It has 
been shown that this procedure is adequate to evaluate the power flux condition for the 
generation of cumulative second harmonic modes [14,15]. The symmetry properties of the 
two Lamb wave mode types and the corresponding gradient of the displacement field are 
given in Table 1. For the evaluation of each term the following rules apply [14]: 

  

  

  

Below the power flux conditions are evaluated for the nonlinear hyperelastic potential given 
in (8).  
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Wave mode type    

Symmetric    

Antisymmetric    

Table 1: Symmetry properties of the displacement and velocityfields and the corresponding gradient for 
symmetric and antisymmetric Lamb waves. 

3.1 Symmetry property of the linear part of the strain energy function 

As shown before the linear part of the hyperelastic transversely-isotropic potential is given in 
terms of the invariants of the right Cauchy-Green tensor . To analyze the symmetry of the 
linear potential first the invariants are formulated as a function of the gradient of the 
displacement field . Using (1) and (2) the right Cauchy-Green tensor  can be 
written with respect to  as 

  (18) 

Based on this the required invariants of , cf. (9), are given by 

  (19) 

and 

  (20) 

respectively. Furthermore, for a fiber direction along the x-axis the tensor expressions in (9) 
are obtained as 

  (21) 

and 

  (22) 

By introducing (18) to (22) into (9) the linear and nonlinear part of the second Piola 
Kirchhoff stress tensor are calculated. With (10) the nonlinear part of the first Piola Kirchhoff 
stress tensor can be calculated by evaluating 

  (23) 

Considering the symmetry properties of the wave displacement field, the nonlinear part of 
first Piola Kirchhoff stress tensor is characterized by 



6 
 

  (24) 

for a symmetric as well as a antisymmetric primary wave mode. In addition the required 
divergence of the nonlinear part of the first Piola-Kirchhoff stress is 

  (25) 

for both wave types. 

3.2 Symmetry property of the nonlinear part of the strain energy function 

The nonlinear part of the potential is given by the compressibility term. To analyze the 
symmetry property of the corresponding part of the second Piola-Kirchhoff stress tensor the 
determinant of the deformation gradient  and the inverse of the right Cauchy-Green tensor 

 need to be calculated with respect to the gradient of the displacement field. The inverse 
of the right Cauchy-Green tensor is determined by using the adjoints  

  (26) 

The result can be divided into two parts, the determinant of the right Cauchy-Green tensor 
and a second order tensor containing the determinants of the adjoints. Based on this the 
second Piola-Kirchhoff stress tensor is given by 

  (27) 

The required determinant of the deformation gradient is given by 

  (28) 

Therefore, the expression  can be written as 

  (29) 

neglecting third and fourth order terms. Furthermore, the determinant of the right Cauchy-
Green tensor is given by 

  (30) 

Taking into account that for the propagation of Lamb waves in thin walled structures usually 
h           holds and thus                , the second Piola-Kirchhoff stress tensor can be simplified 
to  

  (31) 

Based on this the obtained symmetry properties of the first Piola-Kirchhoff stress tensor and 
the corresponding divergence are identical to (24) and (25), which therefore give the 
symmetry properties of these two required terms for the complete hyperelastic nonlinear 
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potential.  

3.3 Power flux condition  

Using the found symmetry properties the power flux condition for the generation of second 
harmonic modes can be evaluated. Therefore, (24) and (25) are introduced to the power flux 
over the surface and through the volume. It can be shown that in contrast to antisymmetric 
secondary modes for a symmetric secondary mode both power fluxes exist 

  (32) 

Based on these results the nonlinear hyperelastic material model, introduced in Section 2, has 
the same properties with respect to the second harmonic generation than the nonlinear elastic 
theory by Murnaghan used in [8] for the simulation of the second harmonic generation in 
composites. However, in contrast to the material model by Murnaghan instead of 14 only 6 
material parameters are necessary. 

4. NUMERICAL SIMULATION 

After the analytic analysis of the power flux condition based on the material model given in 
(8), a numerical simulation is carried out using FEAP® [22] to confirm the presented 
conclusion. Therefore, a two-dimensional model with plane strain assumption is used. The 
discretization is realized by 9-node plane elements. For an appropriate simulation of the 
nonlinear Lamb wave propagation the following conditions for the element size  and the 
time step  need to be satisfied with respect to the minimum wavelength      and the 
maximum frequency  

  (33) 

Using the presented material model with the coefficients given in Table 2 the excitation 
frequency of the S1-S2 mode pair showing a cumulative effect is 2.3 MHz mm. In this case 
the corresponding element size and time step are 0.1 mm and 10 ns, respectively. Therefore, 
to reduce the degree of freedom and the amount of time steps of the numerical simulation the 
power flux condition is investigated using the S0-S0 mode pair at 500 kHz. Because the 
amplitude shows oscillating behavior in this case the spatial periodicity of the second 
harmonic amplitude is analyzed based on the findings presented in [21].  

The used element size and time step are 0.25 mm and 50 ns. The primary wave field is 
excited by an in-plane displacement consisting of 10 windowed sine cycles over the complete 
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thickness. Because of that only the fundamental symmetric Lamb wave mode at a frequency 
of 500 kHz is generated. Before analyzing the periodicity of the second harmonic amplitude 
the frequency components of the generated wave fields are determined to calculate the 
expected dispersion length. Figure 1 gives the in-plane time signal after a propagation 
distance of 30 cm. It clearly shows the primary excited wave field of the S0 mode at 500 
kHz. Furthermore, taking a closer look at the complete time signal there is a very small 
oscillation detectable behind the primary wave field. This is the secondary wave field 
induced by the material nonlinearity. Due to the mismatching group velocity this wave field 
is spread over the wave guide.  

The amplitude of the second harmonic S0-mode based on the time signal in Figure 1 is 
extracted using FFT. The results of the frequencies of the primary and secondary wave field 
are given in Table 3. In addition to the frequencies the corresponding phase velocities of both 
wave modes are provided. Therefore, using (17) the expected dispersion length is 1,21 m. 

Finally, for the analysis of the numerical results the amplitude of the second harmonic mode 
is determined by FFT for the times signals extracted at each node from the excitation point up 
to a propagation distance of 0,6 m. The result is shown in Figure 2 where the second 
harmonic amplitude is plotted over the propagation distance. Furthermore, the dispersion 
length is indicated by a red line. Based on the presented results the numerical simulation of 
the nonlinear wave propagation using the S0-S0 mode pair leads to a dispersion length of 
1,182 m. This coincides very well with the analytical result based on the frequencies given in 
Table 3 and therefore, proves the analytic results presented in Section 3.  

 

c1 c2 c3 c4 c5 K 
0.527 GPa -1.875 GPa 13.66 GPa 1.25 GPa 0.568 GPa 3.89 GPa 

Table 2: Material parameters for the presented nonlinear hyperelastic material model. 
 

Wave mode  f cp 
S0() 0.500 MHz 9111 m/s 
S0(2) 0.985 MHz 9043 m/s 

Table 3: Results of the wavelength and frequency components of the primary and secondary wave field.  

 

 

Figure 1: Time signal of the nonlinear wave propagation after a propagation distance of 30 cm. 
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Figure 2: Amplitude of the second harmonic S0-mode over the propagation distance based on the numerical 
simulation of the nonlinear wave propagation using FEAP. 

 

5. CONCLUSION 

For the present nonlinear hyperelastic transversely-isotropic material model the power flux 
condition for the generation of the second harmonic mode is analytically evaluated. 
Therefore, the first and second Piola-Kirchhoff stress tensors are written in terms of the 
gradient of the displacement field. Afterwards the symmetry properties of the nonlinear part 
of the first Piola-Kirchhoff stress tensor are analyzed with respect to the center line of the 
wave guide. It is shown that the symmetry properties are identical to the symmetry properties 
of the stress tensor based on the five constants theory presented in [8], which is the basis of 
the theoretical description for the second harmonic Lamb wave generation. Therefore, there 
is a cumulative effect for the second harmonic generation based on the presented material 
model if the phase matching condition is satisfied. This is proven numerically by a simulation 
of the second harmonic generation in the nonlinear hyperelastic transversely isotropic 
material wave guide. Instead of a cumulative mode pair the S0-S0 mode pair is used. Due to 
the mismatching phase velocity the second harmonic amplitude shows oscillating behavior. 
The numerically determined dispersion length coincides very well with the expected spatial 
periodicity. Instead of the nine required nonlinear parameters for the nonlinear elastic theory 
the presented hyperelastic material model requires only one parameter. Therefore, the used 
material model is an advantageous alternative to the nonlinear elastic theory by Murnaghan 
to simulate the second harmonic generation in unidirectional composite structures. 
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