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Abstract 
The present research focuses on detecting and quantifying breathing damages such as crack, delamination, and 
disbonding which could be present in the thin walled structures. For this purpose, the nonlinear response of 
Lamb wave induced by the contact nonlinearity at the breathing damage is used. This nonlinear response of 
Lamb wave appears in the form of higher harmonics and is seen in both the experimental and the Finite Element 
(FE) simulation studies. In the experiments, the piezoelectric wafer transducers are used to actuate and sense 
Lamb wave as these are small in size, cost effective, and can work over a wide range of frequency. In FE 
simulation, the contact nonlinearity at the breathing damage is modelled using the contact elements and the 
contact problem is solved using the Augmented Lagrangian algorithm. Further, a spectral damage index (SDI) is 
extracted from the spectral information of the fundamental and all the higher harmonics observed in the Lamb 
wave response. Value of this damage index is 1 in the case of a pristine specimen and found to be decreasing 
with increase in the damage size. The trends of the SDI with the change in the damage size, found in both the 
experiments and the simulation are in close agreement. Therefore, it can be said that the nonlinear behaviour of 
Lamb wave can be well used to detect and predict severity of the breathing damages in the thin walled structures 
with the help of the SDI. 
 
Keywords: Nonlinear Lamb wave, thin walled structures, breathing damages, higher harmonics, spectral 
damage index 
 

1. Introduction 
 
Damages in the thin walled structures, such as cracks, delamination, and disbonding open and 
close when Lamb wave passes across them. This process is called as the breathing process 
and therefore such damages are called as the breathing damages. When Lamb wave at a 
central frequency passes through a specimen with non-breathing damages such as open 
cracks, notches, etc. the amplitude and/or phase of the wave changes but the frequency 
observed in the response signal is the same as that of the input wave. However, when Lamb 
wave passes through a specimen containing a breathing damage, additional frequency 
components are seen in the response. This phenomenon is attributed to the nonlinear 
interaction between the wave and the breathing damage which in general called as the non-
classical nonlinearity [1]. The non-classical nonlinearity produces different effects in the 
Lamb wave response such as higher harmonics, sub-harmonics, shift of resonance frequency, 
and mixed frequency response [2] depending on the way of exciting the non-classical 
nonlinearity.  
 
Various mechanisms have been shown in the literature to model the non-classical 
nonlinearity. These include stress-strain hysteresis, contact nonlinearity, rough surfaces 
contact, Luxemburg-Gorky effect, etc. [1]. Each mechanism is responsible for producing 
different nonlinear effects as mentioned above. The present study uses low frequency high 
amplitude Lamb wave to interrogate the specimens containing the breathing damages. The 
breathing of the damage changes the local stiffness of the material giving rise to the contact 
nonlinearity which produces higher harmonics in Lamb wave [2]. 
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General guided wave literature shows a lot of work carried out using the contact nonlinearity 
to detect the breathing damages [3-10]. Chen et al [3] experimentally observed the nonlinear 
transmission of vertically polarized shear waves through the interfaces between the solids. 
Later, Pecorari [4] analysed the same problem theoretically. Most recently, Biwa et al [5] and 
Kim et al [6] proposed an interesting idea to predict the acoustic nonlinearity of an interface 
without analysing the complicated elasto-plastic contact problem. They assumed a simple 
power-law relation between the contact pressure and the displacement for calculating the first 
and the second order interfacial stiffnesses that are used to predict the nonlinearity in the 
transmitted and the reflected waves. Higher harmonics with frequencies 2f and 3f have been 
experimentally observed in the case of fatigue cracks as a result of their nonlinear interaction 
with the guided surface wave, where f is the frequency of the input wave [7-8]. The contact 
nonlinearity has also been used to evaluate the bonding in the adhesive joints [9-10]. 
However, the Lamb wave literature showing work on detection and sizing of the breathing 
damages using contact nonlinearity driven higher harmonics is fewer [11-12]. In view of this 
current status of the Lamb wave literature, the present work focuses on carrying out the 
experimental and the Finite Element (FE) simulation studies in order to detect and size the 
breathing damages such as crack, delamination, and disbonding in thin plate structures using 
the contact nonlinearity induced higher harmonics in Lamb wave. The specimens containing 
these breathing damages are fabricated in the laboratory. The paper is organized into four 
sections. The experimentation part is explained in the first section. The second section deals 
with the FE simulation. The results obtained through the experiments and the simulation are 
given and discussed in the third section. The fourth section depicts how the SDI is formulated. 
 
2. Experimental Study 
 
2.1 Experimental Setup 
 
In the present study, the same experimental setup is used for nonlinear Lamb wave based 
detection of all the breathing damages. The setup as shown in Figure 1 consists of an arbitrary 
function generator (Tektronix 3021B), high speed bipolar amplifier (NF BA4825), digital 
storage oscilloscope (Tektronix 1002B), and a computer. Piezoelectric wafer (PW) 
transducers are used for actuating and receiving Lamb wave and are shown in Figure 1. These 
are made up of SP-5H material and their size is 10 mm × 7 mm × 0.5 mm. In the present 
work, the PW transducers are preferred over the wedge type transducers [13-14] for actuation 
and sensing of Lamb wave because in comparison with the wedge transducers, PW 
transducers are portable, small in size, and cost effective, which make them useful for in situ 
applications.  
 

 
 

Figure 1. Experimental setup. 



The input signal given to the PW actuator is a 8.5 cycle sine wave tone burst windowed by the 
Gaussian function. It is generated in MATLAB©. The number of cycles considered for the 
tone burst is 8.5, because for these many cycles, the Lamb wave modes are seen well 
separated in the time domain, the frequency bandwidth is narrow, and the half cycle in the 
tone burst brings the peak amplitude at the centre which helps in calculating the group 
velocity. The Gaussian windowing function is used here because it produces a tone burst 
which has narrow frequency bandwidth with less sidebands [15-16]. This tone burst is then 
input to the function generator with a resolution of 40,000 points and set at an operational 
frequency. This tone burst is then magnified to ±150 V and given to the PW actuator.  
 
2.2 Specimen Fabrication 
 
The specimens with different breathing damages such as crack, delamination, and disbonding, 
required for the experimentation are fabricated in the laboratory. Specimens with different 
sizes of damage are fabricated in order to obtain the nonlinear Lamb wave response for 
different sizes of damage and thereby develop a damage index to estimate the severity of the 
damage. Following subsections describe the methods adopted for fabricating the specimen 
plates. 
 
2.2.1 Specimen Containing Breathing Crack 
 
It is difficult to produce surface cracks of different controlled depths in a thin plate even if an 
accelerated fatigue machine is used. Therefore, the specimen plates for the experimental work 
are constructed by bonding three pieces of aluminium plates together. Figure 2 shows the 
schematic of the specimen plate wherein the configuration of the plates can be clearly seen. 
The method followed for having a crack in the test plate is the same as that adopted by Douka 
et al [17] for time-frequency analysis of the free vibration response of a beam with a crack. 
Plates 2 and 3 are bonded to plate 1 but not to each other so that the faces of the plates 2 and 3 
in contact behave like the faces of a breathing crack. A thin Teflon strip is used at the 
interface of the plates 2 and 3 to avoid bonding of the faces. The Teflon strip is very thin, 
fragile, and does not alter any structural property of the host material. It also reduces the 
contact friction to a great extent and therefore minimizes energy loss at the crack. Care is 
taken to not to have high compressive stresses at the crack interfaces while fabricating the test 
plate. Araldite® epoxy adhesive is used for bonding the plates. Curing is done at the room 
temperature for 48 hours while plates are clamped together using C-clamps to ensure good 
bonding of plates. The plates are made of 5052-H32 grade of aluminium. Its modulus of 
elasticity is 70.3 GPa, Poisson ratio is 0.33, and density is 2680 kg/m3 [18]. The plan form 
dimensions of the test plate are 400 mm × 200 mm. The thicknesses of the upper two plates (2 
and 3) in the specimen are same whereas that of the lower plate (1) is different so as to have 
cracks with different depths as shown in Table 1. A few specimens are fabricated without 
crack which means they have only two plates, upper and lower, of the same plan form 
dimensions, bonded together. These specimens would help to understand the effect of plate 
bonding on the nonlinear behaviour of Lamb wave and would also serve as the reference 
specimen plates.  
 
2.2.2 Specimen Containing Delamination 
 
Specimens of the woven fibre composite (WFC) laminates are made with and without 
delamination in the laboratory. The laminates are made at the ambient temperature using E-
glass woven fabric, Araldite® LY556 epoxy resin, and Aradur® HY951 hardener. These 



laminates are cured for 48 hours. The WFC laminate is composed of 6 layers and has 2.1 mm 
total thickness. The delamination is introduced between the second and the third layers. The 
delamination in both types of plates is formed using a thin Teflon strip. The properties and the 
usefulness of the Teflon strip for this purpose have already been discussed in the previous 
subsection. The specimens of the laminates are made with 5 mm, 10 mm, and 15 mm 
delamination. A few samples are made with no delamination too. It is important here to make 
the specimens with the same dimensions and the same structural properties so that the results 
obtained from different specimens of the WFC laminates can be correlated. To achieve this, 
same quantity of the fibres, the epoxy, and the hardener is used, same weight is put on the 
mould, and plates are cut with the same dimensions. The WFC specimens are found to have 
fibre volume fraction 0.55, in-plane modulus of elasticity 32 GPa, modulus of elasticity in the 
thickness direction 15 GPa, in-plane shear modulus 1.7 GPa, shear modulus in the thickness 
direction 1.7 GPa, and the density 1850 Kg/m3. 
 

 
Figure 2. Schematic of the specimen containing a breathing crack. 

 
Table 1. Plate Configurations. 

Plate 
configuration 

no. 

Plate 1 
Thickness 

Plates 2 and 3 
Thickness  

Total plate 
thickness 

Crack depth as 
% of total plate 

thickness 
 (in mm) (in mm) (in mm) (in %) 
1 2 2 4 50 
2 2 1.6 3.6 44 
3 2 1 3 33 

 
2.2.3 Specimen Containing Disbonding 
 
The disbond is created beneath the stiffener in the stiffened aluminium panels with the help of 
a Teflon strip as shown in Figure 3. The bottom plate of the panel is 400 mm × 200 mm in 
dimension with the thickness 1.6 mm. The stiffener is 1 mm thick and bonded onto the bottom 
plate with the help of an epoxy adhesive with a curing time of 48 hours. A few such panels 
are fabricated with 5 mm, 10 mm, and 15 mm disbond. The panel is made of 5052-H32 grade 
aluminium having modulus of elasticity 70.3 GPa, Poisson ratio 0.33, and density 2680 
Kg/m3 [18]. A few samples are also made with no disbond. 
 

 
Figure 3. Schematic of an aluminium stiffened panel with the stiffener disbonding. 



3. Finite Element Simulation 
 
3.1 FE Modelling of the Specimen 
 
The plate containing a breathing damage, and a PW actuator and a PW sensor for transmitting 
and receiving Lamb wave respectively, is modelled in the thickness plane with the plane 
strain approximation [19]. ANSYS© is used here for this purpose. PLANE82 (8-node 
quadrilateral) elements are used in the plate region and PW transducers are modelled using 
PLANE223 (8-node quadrilateral coupled-field) elements. The plate and the PW transducer 
models are meshed through the mapped meshing option which gives uniform distribution of 
the elements throughout the model. The nodes on the free and the bonded faces of the PW 
transducers are electrically coupled to form master nodes on the respective faces. The voltage 
for Lamb wave excitation in the plate is supplied to the master node on the upper face of the 
PW patch which acts an actuator. The Lamb wave response is tracked at the master node on 
the upper face of the PW patch which acts as a sensor. Zero voltage is applied at the master 
nodes on the lower (bonded) faces of both the PW actuator and the PW sensor for the 
grounding purpose. 
 
Selection of the element size is crucial in the FE simulation of wave propagation. The size of 
the elements must be sufficiently small for there to be at least 10 nodes per wavelength of the 
propagating wave [20]. The maximum excitation frequency used in the study is 255 KHz and 
its fourth harmonic, 1,020 KHz is expected to be generated as a result of the contact 
nonlinearity at the breathing damage. Therefore the mesh size should be small enough to be 
able to capture 1,020 KHz. Only A0 and S0 modes of Lamb wave are involved in the analysis 
and A0 mode has the smaller wavelength at 1,020 KHz which is 2.5 mm. Accordingly, the 
distance between the two nodes should not be more than 0.278 mm and as the elements used 
in the simulation have mid-side nodes, the element size should not exceed 0.56 mm. In the 
simulation study, a fine mapped mesh is used with the element size of 0.5 mm which is lesser 
than the threshold mesh size required to capture the fourth harmonic of 255 KHz. 
 
Newmark algorithm is used here for time integration in the FE analysis with α = 0.25 and δ = 
0.5 where α and δ are the Newmark parameters. For these values of α and δ, the Newmark 
algorithm is unconditionally stable [20]. In this case, the time step size to be used is based on 
the trade-off between the desired accuracy and the computational efforts. The accuracy in the 
integration can be stated in terms of the period elongation and the amplitude decay [20]. In the 
FE simulation of Lamb wave propagation, both period elongation and amplitude decay affect 
the group velocity. Therefore, a convergence study is carried out to decide the appropriate 
time step for the solution so that the group velocities of A0 and S0 Lamb wave modes obtained 
through the simulation are in good agreement with those obtained analytically while requiring 
optimal simulation efforts both in terms of time of simulation and space required in the 
computer. Accordingly, the time step of 0.2 μs is used for the simulation. The following 
subsection explains FE modelling of the contact nonlinearity at the breathing damage. 
 
3.2 FE Modelling of Contact Nonlinearity 
 
The challenge faced in the FE simulation of Lamb wave propagation across the breathing 
damage is modelling the breathing damage. The damage model should be able to closely 
approximate the physical opening and closing of the damage faces as the wave passes. To 
model the contact nonlinearity at the breathing damage, two contacting faces of the damage 
are assigned the contact elements, which are CONTA172 (3- node surface-to-surface contact) 



and TARGE169 (target segment) elements respectively. The Augmented Lagrange (AL) 
algorithm is used here to solve the contact problem. The AL method is an iterative series of 
penalty updates to find the contact tractions. It is advantageous over other methods, because it 
offers better penetration control, avoids ill conditioning of the governing equations, and 
satisfies constraints with the finite penalties [21]. It is assumed that the friction does not play 
significant role in the present contact problem because the Teflon strip used for creating the 
breathing damage reduces the contact friction to a great extent. Therefore, the AL algorithm is 
implemented here under the frictionless condition. In this case, the contact pressure T is 
defined by [22] 

                                                                                               (1) 
where 

                                                                                           (2) 
and Kk is the normal contact stiffness, uk is the contact gap size, λi is the Lagrange multiplier at 
the ith iteration, and ϵ is the compatibility tolerance. The Lagrange multiplier component λi is 
computed locally i.e. for each element and iteratively. In AL treatment of the frictionless 
contact of damage faces, the admissible deformation of the prospective points of contact 
satisfies [21] 

                                                                                                                            (3) 
                                                                                                          (4) 
                                                                                                                      (5) 
                                                                                                             (6)       
where h is the scalar-valued gauge function, P is the first Piola-Kirchoff stress tensor, n is the 
outward normal in the current configuration, N is the outward normal in the reference 
configuration. Eq. 3 represents the condition of impenetrability, Eq. 4 represents the 
restriction that the normal component of the surface traction be compressive (note the sign 
change in the definition of tN) and Eq. 5 is a condition ensuring that tN may only be non-zero 
when h(x) = 0. Eqs. 3-5 are therefore recognized as the Kuhn-Tucker conditions. Eq. 6 merely 
asserts that no friction is present. Solving the present contact problem in the FE simulation 
using the AL contact algorithm needs parameters such as normal contact stiffness (NCS) and 
maximum allowable penetration (MAP). The NCS is based on the Young’s modulus E of the 
material and its real constant value used in the present simulation is 1.0 as suggested in [22]. 
Value of the MAP considered for the analysis is 0.1 times the thickness of the underlying 
elements because at large value of MAP the AL method works like the Penalty method which 
is not desirable here [22]. One needs to be very careful while selecting values of the NCS and 
the MAP because small value of the NCS and large value of the MAP cause excessive 
penetration whereas large value of the NCS and small value of the MAP may cause non-
convergence of the solution [22]. 
 
4. Results and Discussion 
 
The experiments and the FE simulation are carried out in order to detect the breathing 
damages in the thin specimens using Lamb wave as explained in Sections 2 and 3 
respectively. The Fourier transform is applied on the data obtained through the experiments 



and the simulation to view the results in the frequency domain. The results obtained for the 
specimens with different breathing damages are explained in the following subsections. 
 
4.1 Experimental Results 
 
The experiments are carried out on the specimen plates containing the breathing damages at a 
range of low excitation frequencies (68 KHz to 272 KHz). At all these frequencies higher 
harmonics are observed as a result of the contact nonlinearity. Therefore, it is observed that 
selection of the excitation frequency is quite liberal, when one deals with the damages 
characterized by the contact nonlinearity such as breathing crack, delamination, and 
disbonding. However, this is quite stringent in the case of cumulative second harmonic 
generation which essentially deals with the dispersed micro-damages characterized by the 
material nonlinearity such as plasticity driven damages [14] and fatigue micro-cracks 
dispersed throughput the material continuum [23]. In the latter case, the fundamental 
harmonic and the prospective second harmonic should have the same group velocity and the 
same phase velocity respectively. This is not a necessary condition in the present study as it 
typically deals with the breathing damages which give rise to the contact nonlinearity.  
 
The specimen plates with the breathing crack have three different total thicknesses as shown 
in Table 1. This is because of the constraint on the availability of the individual plate 
thicknesses. However, generation of Lamb wave with similar characteristics in all the test 
plates requires a condition to be satisfied that the frequency-thickness product must be same 
in all the three cases. Therefore, three different frequencies, 255 KHz, 283.33 KHz, and 340 
KHz are chosen for the experiments in the case of specimens with the breathing crack so as to 
have same frequency-thickness product 1,020 KHz mm in all the test plates as shown in   
Table 2. However, it is not required to use different frequencies in the cases of specimen 
plates with delamination and disbonding because the specimen thicknesses are same in each 
group of damages. The frequencies used in the cases of WFC laminates with delamination and 
stiffened panels with disbonding are 76.5 KHz and 85 KHz respectively. The Gaussian 
windowed 8.5 cycles tone burst to be given to the PW actuator is amplified using an amplifier 
from 10 V (peak to peak) to 300 V (peak to peak) to excite the contact nonlinearity.  
 

Table 2. Frequencies used in the experiments 

Plate  
configuration no. 

Total plate 
thickness 

Frequency Frequency-thickness 
product 

 (in mm) (in KHz) (in KHz mm) 
1 4 255 1,020 
2 3.6 283.33 1,020 
3 3 340 1,020 

 
The frequency spectra obtained in the cases of undamaged test plates and test plates with the 
breathing damages, viz., crack, delamination, and disbonding are shown respectively for a 
case in Figures 4-6. The test plates without breathing damage do not show any higher 
harmonic (Figures 4(a)-6(a)), whereas the higher harmonics can be seen clearly in the 
frequency spectra shown by the specimen plates with the breathing damages (Figures 4(b)-
6(b)). Similar frequency domain results are also obtained in the cases of other specimen plates 
with the breathing damages. Many a times higher harmonics are seen in the result because of 
nonlinearity in the experimental setup. However, if this had been the case in the present 
experimental setup, Figures 4(a)-6(a) would have also shown the higher harmonics. As 
Figures 4(a)-6(a) do not show any higher harmonic, it can be said that the present 



experimental setup does not have any nonlinearity and the observed higher harmonics are 
solely because of the contact nonlinearity at the damage. Also, since no higher harmonics are 
seen in the cases of undamaged specimens, it can be said that the adhesive bonding used in 
the specimen plates does not have any contribution to the higher harmonics. Thus, the 
presence of higher harmonics in the Lamb wave response is an indicative of the presence of a 
breathing damage in the specimen plate. 
 

  
Figure 4. Experimental results in the frequency domain for a specimen plate.  

  

 
Figure 5. Experimental results in the frequency domain for a WFC specimen laminate. 

 

 
Figure 6. Experimental results in the frequency domain for a specimen stiffened panel. 

 
 

Without Crack With 50 % Crack 

With 15 mm Disbonding Without Disbonding 

With 5 mm Delamination Without Delamination 



4.2 FE Simulation Results 
 
The FE analysis of Lamb wave propagation in the specimen plates with the breathing 
damages is carried out using ANSYS© as explained in Section 3. The input pulse given to the 
top-face master node of the PW actuator is same as that used in the experiments for all the 
cases of specimen plates. The frequency spectra obtained in the cases of undamaged test 
plates and test plates with the breathing damages, viz., crack, delamination, and disbonding 
are shown respectively for a case in Figures 7-9. The test plates without breathing damage do 
not show any higher harmonic (Figures 7(a)-9(a)), whereas the higher harmonics can be 
clearly seen in the cases of specimen plates with the breathing damages (Figures 7(b)-9(b)). 
Similar frequency spectra are also obtained in the cases of other specimen plates with the 
breathing damages.  
 
Based on these results, it can be said that there is no numerical error in the FE analysis which 
could generate spurious higher harmonics, otherwise undamaged specimen responses would 
have also shown the high harmonics. Therefore, the higher harmonics observed in the cases of 
damaged specimens are solely because of the modelled breathing damages. Results shown in 
Figures 7-9 are in accordance with the experimental results. Therefore, the presence of higher 
harmonics observed in the Lamb wave response is an indicative of the presence of a breathing 
damage in the specimen plate. 
 

 
Figure 7. Simulation results in the frequency domain for a specimen plate.  

 

  
Figure 8. Simulation results in the frequency domain for a WFC specimen laminate. 

. 
 

Without Crack 

With 5 mm Delamination Without Delamination 

With 50 % Crack 



 
Figure 9. Simulation results in the frequency domain for a specimen stiffened panel. 

 
Unlike experiments, the contact of the breathing damage faces can be seen clearly in the 
simulation. The delamination and the stiffener disbonding are larger in size as compared to 
the crack. Therefore, the contact phenomenon is explained in the cases of delamination and 
stiffener disbonding as the contact plots are seen well in these particular damages. Figures 
10(a)-11(a) show the transverse displacement of a contacting node pair and Figures 10(b)-
11(b) show the transverse gap between the same node pair, in the cases of WFC delamination 
and stiffener disbonding respectively. The zero transverse gap in Figures 10(b)-11(b) show 
the contact between the damage faces and it can be seen that this contact is intermittent which 
causes the change in the local stiffness. This causes the contact nonlinearity in the Lamb wave 
propagation and produces the higher harmonics in the output response.  
                                                                                                                           

  
 

                                                                                               
Figure 10. (a) Transverse displacement of a contacting node pair at the delamination in the 

WFC laminate. (b) Gap between the contacting node pair in the delamination.  
 
5. Estimation of the Spectral Damage Index 
 
In the literature, the nonlinearity parameter A2/A1

2 has been widely used to characterize a 
damage or material nonlinearity based on the higher harmonics, where A1 and A2 are the 
amplitudes of the fundamental and the second harmonics respectively [2]. Deng and Yang 
[24] used the stress wave factor (SWF) to show the effect of rolling direction in rolled 
aluminium sheet on the behaviour of Lamb wave through the cumulative second harmonic 
generation. Lamb wave produces multiple higher harmonics after interacting with the 
breathing damages. Therefore, it is required that the damage index should consider the effect 

With 15 mm Disbonding Without Disbonding 

         Upper Node 
- - -    Lower Node 

   Gap Between 
         Node Pair 



of all the higher harmonics so as to capture the entire nonlinear effect. The spectral damage 
index (SDI) introduced in this study fulfils this criterion. 
 

 
Figure 11. (a) Transverse displacement of a contacting node pair at the disbond in the 
stiffened aluminium panel. (b) Gap between the contacting node pair in the disbond. 

 
As the size of a breathing damage increases, the nonlinear interaction between the damage 
faces and Lamb wave takes place over a larger area. As a result of this, the energy is 
transferred to all the higher harmonics from the fundamental harmonic for an increased time. 
Therefore, with increase in the damage size, the amplitude of the fundamental harmonic 
reduces and that of the higher harmonics increases. This variation of the spectral amplitudes is 
used in the present work to introduce a new damage index, termed as the spectral damage 
index (SDI). The formulation of the SDI is explained in detail in the case of specimens with 
the breathing crack and for other types of breathing damages only variation of the SDI with 
the damage size is given. 
 
All the resulting higher harmonics of Lamb wave can be used to estimate the proposed SDI. 
From Figures 4(b) and 7(b) it can be seen that both the experiments and the FE simulation 
show three higher harmonics in the case of specimens with the breathing crack. Therefore, for 
estimation of the SDI, the fundamental and three higher harmonics are considered. The 
amplitudes of these four frequencies are measured in the frequency domain and normalized 
with respect to the amplitude of the fundamental harmonic observed in the case of a pristine 
plate. These four frequencies are mapped between one and four as there are four harmonics 
considered, and their amplitude peak points are joined by a set of lines called as the spectral 
envelop here. Based on the nature of variation of the amplitudes of all the harmonics observed 
in the case of specimen plates with the crack, a bilinear fit is proposed for the spectral envelop 
as shown in Figure 12(a). The first segment of this bilinear fit is a straight line joining the 
peak points at the mapped frequencies 1 and 2 respectively. The second segment is a linear fit 
for the spectral envelop passing through the peak points at the mapped frequencies 2, 3, and 4 
respectively. As the crack depth increases the intensity of nonlinear interaction between Lamb 
wave and the crack increases as discussed earlier in this section. This causes generation of the 
higher harmonics with the increased amplitude with the simultaneous reduction in the 
amplitude of the fundamental harmonic. Because of this, the angle θ between the bilinear fit 
segments as shown in Figure 12(a) decreases. Thus, the spectral envelop can be characterized 
in terms of a single scalar quantity θ. With such a bilinear curve fitting, tanθ is defined as the 
SDI. It can be seen from Figure 12(b) that the angle θ in the case of a pristine plate is 45o. 
Therefore, in this case, value of the SDI is 1.  

         Upper Node 
- - -    Lower Node 

   Gap Between 
         Node Pair 



 
                                                                                                             

Figure 12. (a) Spectral envelop and its bilinear curve fitting in the case of a specimen plate 
with a crack. (b) Spectral envelop for a pristine specimen plate. 

 
As the crack depth increases, the amplitudes of the higher harmonics keep on increasing with 
simultaneous reduction in the amplitude of the fundamental harmonic, and as result of this the 
SDI decreases. The plot between the SDI and the crack depth is shown in Figure 13(a). 
Similarly, the SDI plots obtained in the cases of WFC laminates containing delamination and 
stiffened panels containing stiffener disbonding are shown in Figures 13(b) and 13(c) 
respectively. In these figures (Figures 13(a)-13(c)), it can be seen that as the damage size 
increases, SDI obtained in both the experimental and the simulation studies decreases. This 
decrease in the SDI is in accordance with the theoretical reasoning given earlier in this 
section. A close agreement can be seen between the plots of the SDI obtained from the 
experimental and the simulation results as shown in Figures 13(a)-13(c). This establishes the 
significance of the proposed SDI for predicting the severity of the breathing damage. 
 

6. Conclusions 
 

In the present study, Lamb wave shows presence of the higher harmonics after interrogating 
the specimen plates containing the breathing damages such as crack, delamination, and 
disbonding. The pristine specimens in all the cases do not show any higher harmonic in the 
Lamb wave response, which typically shows that the instruments involved in the experimental 
setup do not produce spurious higher harmonics in the response. This leads to the conclusion 
that the higher harmonics observed are solely because of the contact nonlinearity at the 
breathing damages. It is also found that as the damage size increases the amplitudes of the 
higher harmonics increase with the simultaneous decrease of the fundamental harmonic. This 
happens mainly because of the energy transfer from the fundamental harmonic to the higher 
harmonics for a longer time as the damage size increases. This effect is well captured by the 
SDI as it varies almost linearly with the damage size. Value of the SDI is 1 in the case of 
pristine specimens and found to be decreasing with the increase in the damage size. 
Therefore, it is clear that this nonlinear behaviour of Lamb wave can be well used for 
detecting and predicting severity of the breathing damages, with the help of the SDI.  
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